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CONSTRUCTIONS OF ROUND FOLD MAPS ON CIRCLE
BUNDLES
NAOKI KITAZAWA
Abstract. (Stable) fold maps are fundamental tools in a generalization of the
theory of Morse functions on smooth manifolds and its application to studies
of algebraic and differentail topological properties of smooth manifolds. Round
fold maps were introduced as stable fold maps with singular value sets, or the
set consisting of all the singular values, of concentric spheres by the author
in 2013; for example, some special generic maps on spheres are regarded as
round fold maps whose singular value sets are connected.
To construct explicit fold maps has been a fundamental and difficult problem.
In 2014, the author succeeded in constructing explicit round fold maps into
a Euclidean space of dimension larger than 1 on bundles over the standard
sphere whose dimension is equal to that of the Euclidean space and connected
sums of bundles over the standard sphere with fibers diffeomorphic to stan-
dard spheres by constructing maps locally and gluing them together properly.
Later, the author constructed such maps on bundles over spheres or more gen-
eral manifolds including families of bundles whose fibers are circles over given
manifolds by applying operations compatiable with the structures of bundles
(P-operations).
In this paper, we obtain new round fold maps on closed smooth manifolds
having the structures of bundles whose fibers are circles over given closed
manifolds by applying P-operations under weaker condtions. We also study
algebraic and differential topological properties of the resulting maps and the
source manifolds.
1. Introduction and terminologies
Fold maps are important in generalizing the theory of Morse functions and its
application to studies of geometry of manifolds. Studies of such maps were started
by Whitney ([24]) and Thom ([23]) in the 1950’s. A fold map is a smooth map
whose singular points are of the form
(x1, · · · , xm) 7→ (x1, · · · , xn−1,
m−i∑
k=n
xk
2 −
m∑
k=m−i+1
xk
2)
for two positive integers m ≥ n and an integer 0 ≤ i ≤ m−n+1 (for each singular
point, we can determine the integer i uniquely and the integer is said to be the
index of the point). A Morse function is regarded as a fold map (n=1). For a
fold map from a closed smooth manifold of dimension m into a smooth manifold of
dimension n ≥ 1 (without boundary), the followings hold.
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(1) The singular set, which is defined as the set of all the singular points, and
the set of all the singular points whose indices are i are closed smooth
submanifolds of dimension n− 1 of the source manifold.
(2) The restriction map to the singular set is a smooth immersion of codimen-
sion 1.
We also note that if the restriction map to the singular set is an immersion with
normal crossings, then it is stable. Stable maps are important in the theory of
global singularity; see [8] for example).
Since around the 1990s, some classes of fold maps easy to handle have been actively
studied. For example, in [2], [7], [19], [20] and [22], special generic maps were stud-
ied. A special generic map is defined as a fold map such that the indices of singular
points are always 0. From Morse functions and their singular points (singular sets),
we can know some topological properties such as Euler numbers and homology
groups and from special generic maps and their singular points (singular sets), we
can often know more precise information of their source manifolds such as the ho-
motopy types and the homeomorphism and diffeomorphism types. For example, ho-
motopy spheres are characterized as manifolds admitting Morse functions with two
singular points except the case where the sphere is 4-dimensional and special generic
maps often restrict the diffemorphism types of homotopy spheres of source mani-
folds (Standard spheres always admit special generic maps into Euclidean spaces
whose dimensions are not higher than those of the source manifolds). As another
example, the diffeomorphism types of manifolds admitting special generic maps
were determined under appropriate conditions. For such facts, see [19] and [20] for
example. In [22], Sakuma studied simple fold maps. A simple fold map is defined
as a fold map such that the inverse image of each singular value does not have any
connected component with more than one singular points (see also [18]) and special
generic maps are simple, for example. In [15], Kobayashi and Saeki investigated
topology of stable maps including fold maps which are stable into the plane. In
[21], Saeki and Suzuoka found good properties of manifolds admitting stable maps
such that the inverse images of regular values are always disjoint unions of spheres.
Later, in [11], round fold maps, which will be mainly studied in this paper, were
introduced. A round fold map is defined as a fold map satisfying the followings.
(1) The singular set is a disjoint union of standard spheres.
(2) The restriction map to the singular set is an embedding.
(3) The singular value set, which is defined as the set of all the singular values
of the map, is a disjoint union of spheres embedded concentrically.
The m-dimensional standard sphere Sm (m ≥ 2) admits a round fold map whose
singular set is connected into Rn for 2 ≤ n ≤ m. Such a map is also a special generic
map and some special generic maps on homotopy spheres are round fold maps whose
singular sets are connected as discussed in [19].
In [11], homology groups and homotopy groups of manifolds admitting round fold
maps are studied. Some examples of round fold maps and the diffeomorphism types
of their source manifolds are given by the author in [10], [11], [13] and [14]. For ex-
ample, in the first two papers, we have obtained round fold maps on m-dimensional
closed smooth manifolds having the structures of bundles over the n-dimensional
(n ≥ 2) standard sphere Sn whose fibers are closed smooth manifolds and whose
structure groups consist of diffeomorphisms. It has been a very difficult problem to
construct explicit fold maps, although the existence problems for fold maps have
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been solved under a lot of situations (see [5] and [6] for example). The author has
given a lot of answers for the construction problems, which will make it easier to
study topological properties of a lot of smooth manifolds by using fold maps being
not so complex.
Here, we introduce terminologies on (fiber) bundles, which are important in this pa-
per. In this paper, a bundle means a bundle whose fibers are diffeomorphic closed
smooth manifolds and whose structure group consists of diffeomorphisms on the
fibers. We call a bundle whose fiber is a closed smooth manifold X an X-bundle.
We return to precise presentations about explicit round fold maps. In [11] and [13],
the author constructed round fold maps into Rn (n ≥ 2) also on m-dimensional
(m > n) closed smooth manifolds represented as connected sums of bundles over
the n-dimensional standard sphere Sn with fibers diffemorphic to the (m − n)-
dimensional standard sphere Sm−n under the assumption that m ≥ 2n holds. In
[14], as new answers, we construct new round fold maps on closed smooth mani-
folds having the structures of smooth bundles over (exotic) spheres or more general
manifolds. More precisely, we considered round fold maps having good algebraic
and differential topological properties and bundles over the source manifolds of the
maps with good topological properties and constructed new round fold maps on
the bundles by using operations compatiable with the structures of bundles (P-
operations). For example, we constructed round fold maps on manifolds having the
structures of S1-bundles (circle bundles) over some smooth manifolds and obtain
ones into Rn (n ≥ 2) on S1-bundles over manifolds represented as connected sums
of smooth bundles over Sn with fibers diffemorphic to Sm−n under the assumption
that m ≥ 2n and m− n > 2 hold.
In this paper, we extend results of [14] and give some applications. More precisely,
we construct new examples of round fold maps on smooth manifolds having the
structures of S1-bundles over some smooth manifolds under weaker conditions by
using methods similar to ones used in [14]. In this paper, we also study algebraic
and differential topological properties of obtained maps and their source manifolds
precisely.
This paper is organized as the following.
In section 2, we recall round fold maps and some terminologies on round fold maps
such as axes and proper cores. We also introduce classes of round fold maps such
as C∞ L-trivial round fold maps and C∞ S-trivial ones. A C∞ L-trivial round fold
map is defined as a round fold map satisfying a kind of triviality on the topological
type around each connected component of the singular value set and a C∞ S-trivial
round fold map is defined as one satisfying a kind of triviality on the topological
type around the singular value set. Such classes were first introduced in [11] and
[12] by the author and the original definitions are a bit different from those of the
present paper. We introduce examples of round fold maps in Example 1.
In section 3, we recall P-operations defined in [14], which are operations used to
construct new round fold maps on manifolds having the structures of bundles over
smooth manifolds admitting C∞ L-trivial round fold maps. We apply these oper-
ations to construct new round fold maps on S1-bundles over manifolds admitting
C∞ L-trivial round fold maps and prove Theorems 1, 2, 3 and 4, which are regarded
as extensions of results in [14], which are introduced as Propositions 3 and 4 in the
present paper.
4 NAOKI KITAZAWA
In section 4, as applications, we construct new round fold maps by applying Propo-
sitions and Theorems on P-operations obtained in section 3 to round maps intro-
duced in Example 1. Furthermore, we study the local and global structures of
the obtained maps. For example, we study problems whether these maps being
L-trivial are S-trivial or not. We also study the diffeomorphism types of the soruce
manifolds of obtained maps.
In this paper, for a smooth map c, the fiber of a point in the target manifold means
the inverse image of the point by the map c. A regular fiber means a fiber of a
regular value of a smooth map. We define the singular set of a smooth map c as the
set consisting of all the singular points of c and denote the set by S(c). For the map
c, the set c(S(c)) is said to be the singular value set of c and the set Rn − c(S(c))
is said to be the regular value set of c.
Throughout this paper, all the manifolds and maps between them are assumed to
be smooth and of class C∞ unless otherwise stated. Last, in this paper, We assume
that M is a closed manifold of dimension m, that N is a manifold of dimension n
without boundary and that m ≥ n ≥ 1 holds.
2. Round fold maps
In this section, we review round fold maps. See also [11] and [12] for example.
Definition 1 (round fold maps ([12])). f : M → Rn (m ≥ n ≥ 2) is said to be a
round fold map if f is C∞ equivalent to a fold map f0 : M → Rn such that the
followings hold.
(1) The singular set S(f0) is a disjoint union of (n − 1)-dimensional standard
spheres and consists of l ∈ N connected components.
(2) The restriction map f0|S(f0) is an embedding.
(3) Let Dnr := {(x1, · · · , xn) ∈ Rn |
∑n
k=1xk
2 ≤ r}. Then f0(S(f0)) =
⊔lk=1∂D
n
k holds.
We call f0 a normal form of f . We call a ray L from 0 ∈ Rn an axis of f0 and
Dn 1
2
the proper core of f0. Suppose that for a round fold map f , its normal form
f0 and diffeomorphisms Φ : M →M and φ : Rn → Rn, the relation φ ◦ f = f0 ◦ Φ
holds. Then for an axis L of f0, we also call φ
−1(L) an axis of f and for the proper
core Dn 1
2
of f0, we also call φ
−1(Dn 1
2
) a proper core of f .
For a round fold map f : M → Rn and a connected component of the singular
value set C, there exists a closed tubular neighborhood N(C), which is regarded as
a trivial [−1, 1]-bundle over C (C corresponds to the image C × {0} ⊂ C × [−1, 1]
of the section of the trivial bundle N(C) regarded as C × [−1, 1]), such that the
composition of the map f |f−1(N(C)) : f
−1(N(C)) → N(C) and the projection to
each connected component of the boundary ∂N(C) gives f−1(N(C)) the structure
of a bundle. In the case where the inverse image of a connected component C′ of
the boundary ∂N(C) is non-empty, the inverse image is a disjoint union of con-
nected components of the boundary ∂f−1(N(C)) and if we restrict the map giving
f−1(N(C)) the structure of a bundle over the connected component C′ to the set
f−1(C′), then it coincides with the map f on f−1(C′).
For example, if a connected component C is the image of a connected component of
the singular set consisting of singular points of index 0, then the composition of the
map f |f−1(N(C)) : f
−1(N(C))→ N(C) and the projection to each connected com-
ponent of the boundary ∂N(C) gives f−1(N(C)) the structure of a bundle whose
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fiber is a standard closed disc and whose structure group is a subgroup of linear
transformations on the disc. See also [19] for example.
Definition 2. Let f : M → Rn be a round fold map. Assume that for any con-
nected component C of f(S(f)) and a small closed tubular neighborhood N(C) of
C such that ∂N(C) is the disjoint union of two connected components Ca and Cb,
f−1(N(C)) has the structures of isomorphic trivial bundles whose fibers are diffeo-
morphic to a closed manifold FC over Ca and Cb and f |f−1(Ca) : f
−1(Ca) → Ca
and f |f−1(Cb) : f
−1(Cb) → Cb give the structures of subbundles of the bundles
f−1(N(C)) (f−1(Ca) or f
−1(Cb) may be empty). Then, f is said to be C
∞ L-
trivial. We call a fiber FC of the bundles f
−1(N(C)) a normal fiber of C corre-
sponding to the bundles f−1(N(C)).
Let f be a normal form of a round fold map and P1 := D
n
1
2
. We set
E := f−1(P1) and E
′ := M − f−1(IntP1). We set F := f
−1(p) for p ∈ ∂P1.
We put P2 := R
n − IntP1. Let f1 := f |E : E → P1 if F is non-empty and let
f2 := f |E′ : E
′ → P2.
f1 gives the structure of a trivial bundle over P1 and f1|∂E : ∂E → ∂P1 gives the
structure of a trivial bundle over ∂P1 if F is non-empty. f2|∂E′ : ∂E
′ → ∂P2 gives
the structure of a trivial bundle over ∂P2 if F is non-empty.
We can give E′ the structures of bundles over ∂P2 as follows.
Since for piP (x) :=
1
2
x
|x| (x ∈ P2), piP ◦ f |E′ is a proper submersion, this map gives
E′ the structure of a C∞ f−1(L)-bundle over ∂P2 (apply Ehresmann’s fibration
theorem [4]).
Considering these observations, we introduce the following classes. For the classes,
see also [11], in which such classes were introduced first. These classes are a bit
different from ones here.
Definition 3. Let f :M → Rn be a round fold map.
For a proper core P and an axis L of f , We give the manifold f−1(Rn − IntP )
the structure of a bundle over ∂P whose fiber is diffeomorphic to f−1(L) such that
f |f−1(∂P ) : f
−1(∂P )→ ∂P gives the structure of a subbundle of the previous bundle
f−1(Rn − IntP ) (f−1(∂P ) may be empty). We call such a bundle a surrounding
bundle of f .
If a surrounding bundle is a trivial bundle, then f is said to be C∞ S-trivial.
We easily obtain a round fold map which is C∞ L-trivial and C∞ S-trivial as
shown in the following (see [11] and [12] for example).
Let M¯ be a compact manifold with non-empty boundary ∂M¯ . Let a ∈ R. Then,
there exists a Morse function f˜ : M¯ → [a,+∞) satisfying the followings.
(1) a is the minimum of f˜ and f˜−1(a) = ∂M¯ holds.
(2) All the singular points of f˜ : M¯ → [a,+∞) are in M¯ − ∂M¯ and at distinct
singular points, the values are always distinct.
Let Φ : ∂(M¯ × ∂(Rn − IntDn)) → ∂(∂M¯ × Dn) and φ : ∂(Rn − IntDn) → ∂Dn
be diffeomorphisms. Let p1 : ∂M¯ × ∂(Rn − IntDn) → ∂(Rn − IntDn) and p2 :
∂M¯×∂Dn → ∂Dn be the canonical projections. Suppose that the following diagram
commutes.
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∂M¯ × ∂(Rn − IntDn)
Φ
−−−−→ ∂M¯ × ∂Dn
yp1
yp2
∂(Rn − IntDn)
φ
−−−−→ ∂Dn
By using the diffeomorphism Φ, we constructM := (∂M¯ ×Dn)
⋃
Φ(M¯ × ∂(R
n−
IntDn)). Let p : ∂M¯ × Dn → Dn be the canonical projection. Then gluing the
two maps p and f˜ × idSn−1 together by using the two diffeomorphisms Φ and φ, we
obtain a round fold map f :M → Rn.
If M¯ is a compact manifold without boundary, then there exists a Morse function
f˜ : M¯ → [a,+∞) such that f˜(M¯) ⊂ (a,+∞) and that at distinct singular points,
the values are always distinct. We are enough to consider f˜ × idSn−1 and embed
[a,+∞) × Sn−1 into Rn to construct a round fold map whose source manifold is
M¯ × Sn−1.
We call this construction of a round fold map a trivial spinning construction.
We introduce some known examples of round fold maps with their source mani-
folds.
Example 1. (1) Special generic maps with singular sets diffeomorphic to stan-
dard spheres into Euclidean spaces whose dimensions are larger than 1 such
that the restriction maps to the singular sets are embeddings are round
fold maps. Such maps are C∞ L-trivial and C∞ S-trivial. The source
manifolds of such maps are always homotopy spheres. Let M be a closed
m-dimensional manifold admitting such a map f : M → Rn (m ≥ n ≥ 2).
For a small closed tubular neighborhood N(f(S(f))) of the set f(S(f)),
f−1(N(f(S(f)))) has the structures of trivial bundles as in Definiiton 2
such that a normal fiber Ff(S(f)) of f(S(f)) corresponding to the bundles
f−1(N(f(S(f)))) is diffeomorphic to the standard closed disc Dm−n+1.
The m-dimensional standard sphere Sm admits such a map into Rn for
m ≥ n ≥ 2. In section 5 of [19], on every homotopy sphere whose dimen-
sion is m (2 ≤ m < 4, m > 4) and the 4-dimensional standard sphere S4,
such maps into R2 are constructed.
(2) [[11], [13], [14]] Let F 6= ∅ be a closed and connected manifold. Let M have
the structure of an F -bundle over Sn. Then, M admits a round fold map
f :M → Rn such that the followings hold.
(a) f is C∞ S-trivial.
(b) For an axis L of f , f−1(L) is diffeomorphic to F × [0, 1].
(c) Two connected components of the fiber of a point in a proper core of
f is regarded as fibers of the F -bundle over Sn.
(3) [[10], [11], [13]] Let m,n ∈ N, n ≥ 2 and m ≥ 2n.
Let M be an m-dimensional manifold represented as the connected sum
of l ∈ N closed oriented manifolds having the sturctures of Sm−n-bundles
over Sn admits a C∞ L-trivial round fold map f into Rn such that the
followings hold.
(a) All the regular fibers of f are disjoint unions of finite copies of Sm−n.
(b) The number of connected components of the singular set S(f) and the
number of connected components of the fiber of a point in a proper
core of f are l.
CONSTRUCTIONS OF ROUND FOLD MAPS ON CIRCLE BUNDLES 7
(c) For any connected component C of f(S(f)) and a small closed tubular
neighborhoodN(C) of C, f−1(N(C)) has the structures of trivial bun-
dles as in Definition 2 such that a normal fiber FC of C corresponding
to the bundles f−1(N(C)) is diffeomorphic to a disjoint union of a
finite number of the following manifolds.
(i) The (m− n+ 1)-dimensional standard closed disc Dm−n+1.
(ii) The standard (m− n+ 1)-dimensional sphere Sm−n+1 with the
interior of a union of disjoint three (m − n + 1)-dimensional
standard closed discs removed.
(d) All the connected components of the fiber of a point in a proper core
of f are regarded as fibers of the Sm−n-bundles over Sn and a fiber of
any Sm−n-bundle over Sn appeared in the connected sum is regarded
as a connected component of the fiber of a point in a proper core of f .
(4) Special generic maps into Rn whose singular sets are disjoint unions of
two standard spheres such that the restriction maps to the singular sets
are embeddings are round fold maps. Let M be a closed m-dimensional
manifold admitting such a map f : M → Rn (m ≥ n ≥ 2). Since f is
special generic, for each connected component C of f(S(f)), there exists
a small closed tubular neighborhood N(C) such that f−1(N(C)) has the
structures of isomorphic trivial bundles whose fibers are diffeomorphic to
the standard closed disc Dm−n+1 as in Definition 2.
We easily know that them-dimensional manifolds admitting such maps into
R
n (m ≥ n ≥ 2) being C∞ L-trivial are always homeomorphic to Sn−1 ×
Sm−n+1 and that Sn−1 × Sm−n+1 admits such a map being C∞ S-trivial
and C∞ L-trivial by virtue of a trivial spinning construction. Moreover, for
example, in the case where m− n = 0, 1, 2, 3 holds, the source manifold of
such a map is diffeomorphic to the product Sn−1×Sm−n+1. It easily follows
from the fact that the diffeomorphism groups of the spheres S1, S2 and S3
are homotopy equivalent to the groups of all the linear transformations on
the spheres ([9], [17]).
For explicit theories of such special generic maps, see also [19].
3. P-operations and constructions of round fold maps of new types
on manifolds having the structures of S1-bundles
3.1. P-operations. The following proposition has been shown in [14].
Proposition 1 ([14]). LetM be a closed manifold of dimension m and f :M → Rn
be a C∞ L-trivial round fold map (m ≥ n ≥ 2). Let F (6= ∅) be a closed manifold
andM ′ be a closed manifold having the structure of an F -manifold overM such that
for any connected component C of f(S(f)) and a small closed tubular neighborhood
N(C) of C, the restriction to f−1(N(C)) is a trivial bundle. Then on M ′ there
exists a C∞ L-trivial round fold map f ′ :M ′ → Rn.
In the proof of this proposition, we use the notation Dnr := {(x1, · · · , xn) ∈
R
n |
∑n
k=1xk
2 ≤ r} appeared in Definition 1.
Proof of Proposition 3. We assume that f(M) is diffeomorphic to Dn. We can
prove the theorem similarly if f(M) is not diffeomorphic to Dn.
We may assume that f :M → Rn is a normal form. Let S(f) consist of l connected
components. Set P0 := D
n
1
2
and Pk := D
n
k+ 1
2
−IntDnk− 1
2
for an integer 1 ≤ k ≤ l.
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Then f−1(Pk) has the structure of a trivial C
∞ bundle over ∂Dnk− 1
2
or ∂Dnk+ 1
2
with fibers diffeomorphic to a compact C∞ manifold, which we denote by Ek, such
that f |f−1(∂Dn
k−
1
2
) and f |f−1(∂Dn
k+1
2
) give the structures of subbundles (we denote
the fibers of two subbundles by Ek
1 ⊂ Ek and Ek
2 ⊂ Ek, respectively) for 1 ≤ k ≤ l.
For any integer 1 ≤ k ≤ l and a diffeomorphism φk from f
−1(∂Dnk− 1
2
) ⊂ f−1(Pk)
onto f−1(∂Dnk− 1
2
) ⊂ f−1(Pk−1) regarded as a bundle isomorphism between the
two trivial bundles over standard spheres inducing the identification between the
base spaces,M is regarded as (· · · ((f−1(Dn 1
2
))
⋃
φ1
f−1(P1)) · · · )
⋃
φl
f−1(Pl) and for
any integer 1 ≤ k ≤ l and a diffeomorphism Φk from f−1(∂Dnk− 1
2
)×F ⊂ f−1(Pk)×
F onto f−1(∂Dnk− 1
2
) × F ⊂ f−1(Pk−1) × F regarded as a bundle isomorphism
between the two trivial F -bundles inducing φk,M
′ is regarded as (· · · ((f−1(Dn 1
2
)×
F )
⋃
Φ1
(f−1(P1)×F )) · · · )
⋃
Φl
(f−1(Pl)×F ). We construct a map on f−1(Pk)×F .
This manifold has the structure of a trivial bundle over ∂Dnk− 1
2
or ∂Dnk+ 1
2
with
fibers diffeomorphic to Ek × F . On Ek × F there exists a Morse function f˜k such
that the followings hold.
(1) f˜k(Ek × F ) ⊂ [k −
1
2 , k +
1
2 ] and f˜k(Int(Ek × F )) ⊂ (k −
1
2 , k +
1
2 ) hold.
(2) f˜k(Ek
1 × F ) = {k − 12} holds if Ek
1 × F is non-empty.
(3) f˜k(Ek
2 × F ) = {k + 12} holds if Ek
2 × F is non-empty.
(4) Singular points of f˜k are in the interior of Ek × F and at two distinct
singular points, the values are always distinct.
We obtain a map idSn−1 × f˜k : S
n−1 × Ek × F → Sn−1 × [k −
1
2 , k +
1
2 ]. We
can identify Sn−1 × [k − 12 , k +
1
2 ] with Pk = D
n
k+ 1
2
− IntDnk− 1
2
by identifying
(p, t) ∈ Sn−1× [k− 12 , k+
1
2 ] with tp ∈ Pk where we regard S
n−1 as the unit sphere
of dimension n−1. By gluing the composition of the projection from f−1(Dn 1
2
)×F
onto f−1(Dn 1
2
) and f |f−1(Dn 1
2
) : f
−1(Dn 1
2
) → Dn 1
2
and the family {idSn−1 × f˜k}
together by using the family {Φk} and the family of identifications in the target
manifold Rn, we obtain a new round fold map f ′ :M ′ → Rn. 
In the proof, from f :M → Rn, we obtain f ′ :M ′ → Rn. We call the operation
of constructing f ′ from f a P-operation by F to f .
For example, for any closed manifold F 6= ∅ and on any manifold admitting the
structure of a F -bundle over the n-dimensional (n ≥ 2) standard sphere, we obtain
a round fold map as introduced in Example 1 (2) by a P-operation by F to a special
generic map from Sn into Rn presented in Example 1 (1).
3.2. P-operations by S1 to round fold maps and their applications. We
apply P -operations by S1 to obtain round fold maps which do not appear in [14].
Before this, we recall fundamental terms and facts on S1-bundles. In this paper,
for a topological space X , we denote the k-th (co)homology group of X whose co-
efficient ring is R by Hk(X ;R) (resp. H
k(X ;R)).
It is well-known that S1-bundles are regarded as bundles whose structure groups
consist of linear transformations on the circle and regarded as the 2nd orthogonal
group O(2). An S1-bundle is said to be orientable if the structure group consist
of orientation preserving linear transformations and regarded as the 2nd rotation
group SO(2) ⊂ O(2). We can consider Stiefel-Whitney classes of S1-bundles, which
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are cohomology classes of the base spaces whose coefficient rings are Z/2Z, includ-
ing their 1st Stiefel-Whitney classes (2nd Stiefel-Whitney classes), which are 1st
cohomology classes (resp. 2nd cohomology classes) of the base spaces with coef-
ficients Z/2Z. If an S1-bundle is orientable, then we can orient the bundle and
consider its Euler class, which is a 2nd cohomology class of the base space whose
coefficient ring is Z.
For an oriented S1-bundle over a 2-dimensional oriented closed and connected man-
ifold, we can consider the pairing of the Euler class and the fundamental class of
the base space and call the obtained integer the Euler number of the bundle. We
introduce known facts on classifications of S1-bundles without proofs.
Proposition 2. Let X be a topological space.
(1) The 1st Stiefel-Whitney class α ∈ H1(X ;Z/2Z) of an S1-bundle over X
vanishes if and only if the bundle is orientable.
(2) For any α ∈ H2(X ;Z), there exists an oriented S1-bundle over X whose
Euler class is α.
(3) Two oriented S1-bundles on X are isomorphic if the Euler classes are same.
(4) Two oriented S1-bundles over a 2-dimensional oriented closed and con-
nected manifold are isomorphic if and only if the Euler numbers of the
bundles coincide. Furthermore, manifolds admitting the structures of S1-
bundles over a 2-dimensional oriented closed and connected manifolds are
homeomorphic (diffeomorphic) if and only if the absolute values of the Eu-
ler numbers of the bundles coincide. The 1st homology group and the 2nd
cohomology group of the manifold admitting an oriented S1-bundle such
that the absolute value of the Euler number is k ∈ N
⋃
{0} with coefficient
ring Z are isomorphic to the direct sum of the 1st (co)homology group of
the base space with coefficient ring Z and Z/kZ. The latter part of this
direct sum is generated by the 1st homology class represented by a fiber of
the bundle. Furthermore, for any section of the restriction of the bundle to
any 1-skelton representing some element of 1st homology group of the base
space with coefficient ring Z, the image of the section represents an element
of the 1st homology group before and if we consider the direct sum here, the
1st homology class is of the form (x.0).
For the theory of bundles whose structure groups consist of linear transforma-
tions including S1-bundles and vector bundles and their characteristic classes in-
cluding Stiefel-Whitney classes and Euler classes, see also [16] for example.
Let M be a closed manifold of dimension m and let f : M → Rn (m ≥ n ≥ 2)
be a C∞ L-trivial round fold map. For any connected component C of f(S(f)),
we denote by N(C) a small closed tubular neighborhood of C such that the inverse
image has the structures of trivial bundles as in Definition 2 and by FC a normal
fiber of C corresponding to the bundles f−1(N(C)).
We now construct a graph corresponding to fF := (f, {FC}C∈pi0(S(f))), where C ∈
pi0(f(S(f))) represents the element of the set pi0(f(S(f))) of all the connected
components of f(S(f)).
Let VfF be the set of all the closures of connected components of the regular value set
R
n−f(S(f)). Let R be a commutative ring. We define the set E
(Hk,R)
fF
⊂ VfF ×VfF
so that the followings hold.
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(1) The set E
(Hk,R)
fF
consists of elements (P1, P2) of the set VfF ×VfF such that
the intersection P1
⋂
P2 is not empty.
(2) A pair (P1, P2) of closures of connected components of the space R
n −
f(S(f)) such that P1
⋂
P2 is not empty and that P1 is in the bounded
connected component of Rn− IntP2, (P1, P2) ∈ EfF holds if and only if for
the connected component C = P1
⋂
P2 of f(S(f)), the homomorphism from
Hk(∂iFC ;R) into Hk(FC ;R) induced by the natural inclusion is surjective.
(3) A pair (P1, P2) of closures of connected components of the space R
n −
f(S(f)) such that P1
⋂
P2 is not empty and that P2 is in the bounded con-
nected component of Rn− IntP1, (P1, P2) ∈ EfF holds if and only if for the
connected component C := P1
⋂
P2 of f(S(f)), the homomorphism from
Hk(∂oFC ;R) into Hk(FC ;R) induced by the natural inclusion is surjective.
Thus, we obtained a graph (VfF , E
(Hk,R)
fF
) and we call it the (Hk, R)-graph of
fF = (f, {FC}C∈pi0(f(S(f)))).
Definition 4. For the (Hk, R)-graph of fF = (f, {FC}C∈pi0(f(S(f)))), a non-empty
subset S ⊂ VfF is said to be a starting set of the graph if for any x ∈ VfF , there
exists a path from a vertex in S to x.
Let Ri be a commutative ring and let ki be an integer for i = 1, 2. For the (Hk1 , R1)-
graph and the (Hk2 , R2)-graph of fF = (f, {FC}C∈pi0(f(S(f)))), the (Hk1 , R1)-graph
and the (Hk2 , R2)-graph are start-equivalent on the set S if for any vertex s ∈ VfF ,
there exists a vertex s′ ∈ S such that there exists a path of both of these graphs
from s′ to s.
We show the following theorem.
Theorem 1. Let M be a closed manifold of dimension m and f : M → Rn
(m ≥ n ≥ 2) be a C∞ L-trivial round fold map. For any connected component
C of f(S(f)), we denote by N(C) a small closed tubular neighborhood of C such
that the inverse image has the structures of trivial bundles as in Definition 2 and
by FC a normal fiber of C corresponding to the bundles f
−1(N(C)) over C. Let
FC satisfy H
2(FC ;Z) ∼= {0}. Let S be a starting set of the (H1,Z/2Z)-graph of
fF = (f, {FC}C∈pi0(f(S(f)))). Let Fs be the regular fiber of a point in a connected
component of Rn − f(S(f)) whose closure is represented as a vertex s ∈ S of the
graph above and let is : Fs → M be the natural inclusion. Then, we have the
followings.
(1) Let n ≥ 4 hold. Then, by a P-operation to f , for any closed manifold
M ′ having the structure of an S1-bundle over M whose 1st Stiefel-Whitney
class vanishes on is∗(H1(Fs;Z/2Z)) ⊂ H1(M ;Z/2Z) for any s ∈ S, we can
obtain a round fold map f ′ :M ′ → Rn.
(2) Let n = 3 hold. Furthermore, we assume that for any commutative ring R,
the (H1,Z/2Z)-graph of fF = (f, {FC}C∈pi0(f(S(f)))) and the (H0, R)-graph
of fF = (f, {FC}C∈pi0(f(S(f)))) are start-equivalent on the set S. Then, by
a P-operation to f , for any closed manifold M ′ having the structure of an
S1-bundle over M such that the followings hold, we can obtain a round fold
map f ′ :M ′ → Rn.
(a) The 1st Stiefel-Whitney class vanishes on is∗(H1(Fs;Z/2Z)) ⊂ H1(M ;Z/2Z)
for any s ∈ S.
(b) For s ∈ S, let Cs
′ be a 2-dimensional sphere in a closure of a con-
nected component of R3 − f(S(f)) represented by s ∈ S such that for
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a connected component Cs of f(S(f)) and the small closed tubular
neighborhood N(Cs) defined before, Cs
′ is a connected component of
∂N(Cs). The restriction of the bundle to the image of a section of the
trivial bundle given by f |f−1(Cs′) : f
−1(Cs
′)→ Cs
′ is trivial.
(3) Let n = 2 hold. Furthermore, we assume that for any commutative ring R,
the (H1,Z/2Z)-graph of fF = (f, {FC}C∈pi0(f(S(f)))) and the (H0, R)-graph
of fF = (f, {FC}C∈pi0(f(S(f)))) are start-equivalent on the set S and that
the (H1,Z/2Z)-graph of fF = (f, {FC}C∈pi0(f(S(f)))) and the (H1,Z)-graph
of fF = (f, {FC}C∈pi0(f(S(f)))) are start-equivalent on the set S.
For s ∈ S, let Cs
′ be a circle in a closure of a connected component of
R
2− f(S(f)) represented by s ∈ S such that for a connected component Cs
of f(S(f)) and the small closed tubular neighborhood N(Cs) defined before,
Cs
′ is a connected component of ∂N(Cs). The restriction of the bundle to
the total space of the trivial bundle given by f |f−1(Cs′) : f
−1(Cs
′)→ Cs
′ is
orientable and trivial.
Then, by a P-operation to f , for any closed manifold M ′ having the struc-
ture of an S1-bundle overM , we can obtain a round fold map f ′ :M ′ → Rn.
Proof. In all the cases, it suffices to prove that for any connected component
C ⊂ f(S(f)), given S1-bundles overM are trivial on f−1(N(C)). Let C0 ⊂ f(S(f))
be a connected component which is in the closures of two connected component of
R
n − f(S(f)) represented by vertices s1, s2 ∈ VfF of the graph and let (s1, s2) ∈
E
(H1,Z/2Z)
fF
. Let the boundary ∂N(C0) of N(C0) defined in the assumption of this
theorem consist of two connected components C1 and C2 as in Definition 2 and let
Cj be in the closure of a connected component of R
n − f(S(f)) represented by sj .
In addition, we denote the fiber of the bundle f−1(Cj) over Cj as in Definition 2
by ∂jFC0 .
We prove the statement in the first case. The homomorphism fromH1(f
−1(C1);Z/2Z) ∼=
H1(∂1FC0 ;Z/2Z) into H1(f
−1(N(C0));Z/2Z) ∼= H1(FC0 ;Z/2Z) induced by the
natural inclusion is surjective, since the homomorphism from H1(∂1FC0 ;Z/2Z) into
H1(FC0 ;Z/2Z) induced by the natural inclusion is assumed to be surjective. The
kernel of the homomorphism from H1(f−1(N(C0));Z/2Z) into H
1(f−1(C1);Z/2Z)
induced by the natural inclusion is {0}. H2(f−1(N(C0));Z) ∼= H2(C0 × FC0 ;Z) ∼=
{0} holds since H2(FC0 ;Z) ∼= {0} is assumed. Thus, if the restriction of an S
1-
bundle over M to f−1(C1) is orientable, then the restriction of the original bundle
to f−1(N(C0)) is orientable and it is a trivial bundle.
Consider an (n− 1)-dimensional sphere Cs
′ in a closure of a connected component
of Rn − f(S(f)) represented by s ∈ S such that for a connected component Cs
of f(S(f)) and a small closed tubular neighborhood N(Cs) as in Definition 2, Cs
′
is a connected component of ∂N(Cs). f
−1(Cs
′) is diffeomorphic to Cs
′ × Fs and
Cs × Fs. H1(f−1(Cs
′);Z/2Z) ∼= H1(Cs × Fs;Z/2Z) ∼= H1(Fs;Z/2Z) holds and
if the 1st Stiefel-Whitney class of an S1-bundle over M vanishes on Fs, then the
restriction of the S1-bundle over M to f−1(Cs
′) is trivial. Thus, by the discus-
sion in the previous paragraph together with an induction based on the fact that
S is a starting set of the graph, for any connected component C of f(S(f)), the
restriction of any S1-bundle over M whose 1st Stiefel-Whitney class vanishes on
i∗(H1(Fs;Z/2Z)) ⊂ H1(M ;Z/2Z) (s ∈ S) to f−1(N(C)) is orientable and it is a
trivial bundle. This completes the proof of the first case.
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We prove the statement in the second case. As in the first case, the homomor-
phism from H1(f
−1(C1);Z/2Z) ∼= H1(∂1FC0 ;Z/2Z) into H1(f
−1(N(C0));Z/2Z) ∼=
H1(FC0 ;Z/2Z) induced by the natural inclusion is surjective, since the homomor-
phism from H1(∂1FC0 ;Z/2Z) into H1(FC0 ;Z/2Z) induced by the natural inclusion
is assumed to be surjective. The kernel of the homomorphism fromH1(f−1(N(C0));Z/2Z)
intoH1(f−1(C1);Z/2Z) induced by the natural inclusion is {0}. We haveH2(f−1(N(C0));Z) ∼=
H2(C0 × FC0 ;Z) ∼= H
2(C0;Z)⊗H0(FC0 ;Z) ∼= Z⊗H
0(FC0 ;Z) since H
2(FC0 ;Z)
∼=
{0}. We also haveH2(f−1(C1);Z) ∼= H2(C0×∂1FC0 ;Z) ∼= (H
2(C0;Z)⊗H0(∂1FC0 ;Z))⊕
(H0(C0;Z) ⊗H2(∂1FC0 ;Z)) ∼= (Z ⊗H
0(∂1FC0 ;Z)) ⊕ (H
0(C0;Z) ⊗H2(∂1FC0 ;Z))
since H2(FC0 ;Z)
∼= {0}. Moreover, we have H2(f−1(C1);Z) ∼= H2(∂1FC0 ;Z) ⊕
(H0(∂1FC0 ;Z)⊗ Z) and H2(f
−1(N(C0));Z) ∼= H2(C0 × FC0 ;Z) ∼= Z⊗H0(FC0 ;Z).
The homomorphism from H0(∂1FC0 ;Z) into H0(FC0 ;Z) induced by the natural
inclusion is assumed to be surjective. Thus, by the discussion here, the kernel of
the homomorphism from H2(f−1(N(C0));Z) into H
2(f−1(C1);Z) induced by the
natural inclusion is {0}. Thus, if the restriction of a bundle over M to f−1(C1) is
trivial, then the restriction of the original bundle to f−1(N(C0)) is orientable by a
discussion similar to that of the proof of the first case and it is a trivial bundle.
Consider a 2-dimensional sphere Cs
′ in a closure of a connected component of
R
n − f(S(f)) represented by s ∈ S such that for a connected component Cs of
f(S(f)) and a small closed tubular neighborhood N(Cs) defined in the assumption
of this theorem, Cs
′ is a connected component of ∂N(Cs). f
−1(Cs
′) is diffeomorphic
to Cs
′×Fs and Cs×Fs. H1(f−1(Cs
′);Z/2Z) ∼= H1(Cs×Fs;Z/2Z) ∼= H1(Fs;Z/2Z)
holds. H2(f−1(N(C));Z) ∼= H2(C × FC ;Z) ∼= H2(C;Z) ⊗ H0(FC ;Z) ∼= Z ⊗
H0(FC ;Z) and H
2(f−1(Cs
′);Z) ∼= H2(Cs × Fs;Z) ∼= (H
2(Cs;Z) ⊗ H
0(Fs;Z)) ⊕
(Z ⊗ H2(Fs;Z)) also hold. Thus, by the structures of these cohomology groups,
if the 1st Stiefel-Whitney class of an S1-bundle over M vanishes on Fs and the
restriction of the bundle to the image of a section of the trivial bundle given by
f |f−1(Cs′) : f
−1(Cs
′) → Cs
′ is trivial, then the restriction of the S1-bundle over
M to f−1(Cs
′) is trivial. Thus, by the discussion in the previous paragraph to-
gether with an induction based on the assumptions that S is a starting set of
the (H1,Z/2Z)-graph of fF = (f, {FC}C∈pi0(f(S(f)))) and that the graph and the
(H0, R)-graph of fF = (f, {FC}C∈pi0(f(S(f)))) are start-equivalent on the set S, for
any connected component C of f(S(f)), if we restrict any S1-bundle overM whose
1st Stiefel-Whitney class vanishes on i∗(H1(Fs;Z/2Z)) ⊂ H1(M ;Z/2Z) (s ∈ S)
and whose restriction of the bundle to the image of a section of the trivial bundle
given by f |f−1(Cs′) : f
−1(Cs
′) → Cs
′ is trivial to f−1(N(C)), then the resulting
bundle is orientable and trivial. This completes the proof of the second case.
We prove the statement in the last case. The homomorphism fromH1(f
−1(C1);Z/2Z) ∼=
H1(∂1FC0 ;Z/2Z)⊕(H1(C0;Z/2Z)⊗H0(∂1FC0 ;Z/2Z)) intoH1(f
−1(N(C0));Z/2Z) ∼=
H1(FC0 ;Z/2Z)⊕(H1(C0;Z/2Z)⊗H0(FC0 ;Z/2Z)) induced by the natural inclusion
is surjective, since the homomorphism from Hk(∂1FC0 ;Z/2Z) into Hk(FC0 ;Z/2Z)
induced by the natural inclusion is assumed to be surjective for k = 0, 1. It
follows that the kernel of the homomorphism from H1(f−1(N(C0));Z/2Z) into
H1(f−1(C1);Z/2Z) induced by the natural inclusion is {0}.
The homomorphism from Hk(∂1FC0 ;Z) into Hk(FC0 ;Z) and the homomorphism
from Hk(∂1FC0 ;Z) into Hk(FC0 ;Z) induced by the natural inclusions are assumed
to be surjective for k = 0, 1. Thus,H2(f
−1(N(C0));Z) ∼= (H1(C0;Z)⊗H1(FC0 ;Z))⊕
H2(FC0 ;Z) is regarded also as the direct sum of the following two groups.
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(1) The image of the restriction of the homomorphism from H2(f
−1(C1);Z) ∼=
(H1(C0;Z)⊗H1(∂1FC0 ;Z))⊕H2(∂1FC0 ;Z) intoH2(f
−1(N(C0));Z) induced
by the natural inclusion to the part H1(C0;Z)⊗H1(∂1FC0 ;Z) .
(2) H2(FC0 ;Z).
Hence, the kernel of the homomorphism from H2(f−1(N(C0));Z) ∼= (H1(C0;Z) ⊗
H1(FC0 ;Z)) ⊕ H
2(FC0 ;Z) into H
2(f−1(C1);Z) ∼= (H
1(C0;Z) ⊗ H
1(∂1FC0 ;Z)) ⊕
H2(∂1FC0 ;Z) induced by the natural inclusion is {0}.
By the arguments before, if the restriction of an S1-bundle over M to f−1(C1) is
orientable and the Euler class of the (oriented) bundle obtained by the restriction
vanishes, then the restriction of the S1-bundle overM to f−1(N(C0)) is orientable
and the Euler class of the (oriented) bundle obtained by the restriction vanishes.
Consider a circle Cs
′ in a closure of a connected component of R2 − f(S(f)) rep-
resented by s ∈ S such that for a connected component Cs of f(S(f)) and a small
closed tubular neighborhood N(Cs) as in Definition 2, Cs
′ is a connected com-
ponent of ∂N(C). f−1(Cs
′) is diffeomorphic to Cs
′ × Fs and Cs × Fs. We have
H1(f−1(Cs
′);Z/2Z) ∼= H1(Cs×Fs;Z/2Z) ∼= Z/2Z⊗H1(Fs;Z/2Z),H2(f−1(N(C));Z) ∼=
H2(C × FC ;Z) ∼= H1(C;Z)⊗H1(FC ;Z) ∼= Z⊗H1(FC ;Z) and H2(f−1(Cs
′);Z) ∼=
H2(Cs × Fs;Z) ∼= (H1(Cs;Z) ⊗ H1(Fs;Z)) ⊕ (H0(Cs;Z) ⊗ H2(Fs;Z)) ∼= (Z ⊗
H1(Fs;Z))⊕ (Z⊗H2(Fs;Z)). S is a starting set of the (H1,Z/2Z)-graph of fF =
(f, {FC}C∈pi0(f(S(f)))). This graph and the (H0, R)-graph of fF = (f, {FC}C∈pi0(f(S(f))))
are start-equivalent on the set S. This graph and the (H1,Z)-graph of fF =
(f, {FC}C∈pi0(f(S(f)))) are also start-equivalent on the set S. Thus, by the dis-
cussion in the previous paragraph, for any connected component C of f(S(f)), if
we restrict any S1-bundle overM whose restriction of the bundle to the total space
of the trivial bundle given by f |f−1(Cs′) : f
−1(Cs
′) → Cs
′ is trivial to f−1(N(C)),
then the resulting bundle is orientable and trivial. This completes the proof of the
last case.
This completes the proof of all the statements. 
We show Theorem 1 in the case where the manifoldM is connected and n = 2, 3
Theorem 2. Let M be a closed and connected manifold of dimension m and f :
M → Rn (m ≥ n ≥ 2) be a C∞ L-trivial round fold map. For any connected
component C of f(S(f)), we denote by N(C) a small closed tubular neighborhood
of C such that the inverse image has the structures of trivial bundles as in Definition
2 and by FC a normal fiber of C corresponding to the bundles f
−1(N(C)) over C.
Let FC satisfy H
2(FC ;Z) ∼= {0}. Let S be a starting set of the (H1,Z/2Z)-graph of
fF = (f, {FC}C∈pi0(f(S(f)))). Let Fs be the regular fiber of a point in a connected
component of Rn − f(S(f)) whose closure is represented as a vertex s ∈ S of the
graph above and let is : Fs → M be the natural inclusion. Then, we have the
followings.
(1) Let n = 3 hold. Then, by a P-operation to f , for any closed manifold M ′
having the structure of an S1-bundle over M such that the followings hold,
we can obtain a round fold map f ′ :M ′ → R3.
(a) The 1st Stiefel-Whitney class vanishes on is∗(H1(Fs;Z/2Z)) ⊂ H1(M ;Z/2Z)
for any s ∈ S.
(b) For a 2-dimensional sphere C0
′ in a connected component of (R3 −
f(S(f)))
⋂
f(M) such that for a connected component C0 of f(S(f))
and the small closed tubular neighborhood N(C0) defined before, C0
′ is
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a connected component of ∂N(C0), the restriction of the bundle to the
image of a section of the trivial bundle given by f |f−1(C0′) : f
−1(C0
′)→
C0
′ is trivial.
(2) Let n = 2 hold. Furthermore, we assume that the (H1,Z/2Z)-graph of fF =
(f, {FC}C∈pi0(f(S(f)))) and the (H1,Z)-graph of fF = (f, {FC}C∈pi0(f(S(f))))
are start-equivalent on the set S.
For s ∈ S, let Cs
′ be a circle in a closure of a connected component of
R
2 − f(S(f)) represented by s ∈ S such that for a connected component
Cs of f(S(f)) and the small closed tubular neighborhood N(Cs) defined
before, Cs
′ is a connected component of ∂N(Cs). Let M
′ be a manifold
having the structure of an oriented S1-bundle over M such that the re-
striction of the bundle to the total space of the trivial bundle given by
f |f−1(Cs′) : f
−1(Cs
′)→ Cs
′ is orientable and trivial.
Then, by a P-operation to f , for any closed manifold M ′ having the struc-
ture of an S1-bundle overM , we can obtain a round fold map f ′ :M ′ → R2.
Proof. We prove the first part. For any connected component C of f(S(f)) and the
small tubular neighborhood N(C) of C, we have H2(f−1(N(C));Z) ∼= H2(FC ;Z)⊕
(H0(FC ;Z) ⊗ Z) ∼= H0(FC ;Z) ⊗ Z. By an argument similar to that of Theorem
1, the restriction of any S1-bundle over M such that the 1st Stiefel-Whitney class
vanishes on is∗(H1(Fs;Z/2Z)) ⊂ H1(M ;Z/2Z) for any s ∈ S to f
−1(N(C)) is
orientable. Thus, by a discussion similar to that of the proof of Theorem 1, we
have only to show that for any connected component C of f(S(f)) and each con-
nected component C′ of the boundary ∂N(C) of N(C), the restriction of the bundle
over M satisfying the conditions mentioned in the assumption of this theorem to
f−1(C′) is trivial. Since the bundle f−1(N(C)) over C as in Definition 2 is trivial
and represented by C × FC , the restriction of the bundle over M to f−1(C0
′) is
trivial by the second condition and M is connected, it immediately follows.
We prove the second part. Let C be a connected component of f(S(f)). For the
small tubular neighborhood N(C) of C, let C′ be a connected component of the
boundary of the tubular neighborhood N(C) and let FC
′ be a fiber of the bun-
dle given by f |f−1(C′) : f
−1(C′) → C′. We have H1(f−1(C′);Z/2Z) ∼= H1(C′ ×
FC
′;Z/2Z) ∼= Z/2Z⊗H1(FC
′;Z/2Z) and H1(f−1(N(C));Z/2Z) ∼= (H1(C;Z/2Z)⊗
H0(FC ;Z/2Z)) ⊕ ((H0(C;Z/2Z) ⊗ H1(FC ;Z/2Z)) ∼= (Z/2Z ⊗ H0(FC ;Z/2Z)) ⊕
(Z/2Z ⊗ H1(FC ;Z/2Z)). We also have H2(f−1(C′);Z) ∼= H2(C′ × FC
′;Z) ∼=
(H1(C′;Z) ⊗H1(FC
′;Z)) ⊕ (H0(C′;Z) ⊗H2(FC
′;Z)) ∼= (Z ⊗H1(FC
′;Z)) ⊕ (Z ⊗
H2(FC
′;Z)) and H2(f−1(N(C));Z) ∼= H2(C × FC ;Z) ∼= H1(C;Z) ⊗H1(FC ;Z) ∼=
Z⊗H1(FC ;Z). For any connected component C of f(S(f)), the restriction of the
bundle over M satisfying the conditions mentioned in the assumption of this theo-
rem to a fiber FC of the bundle f
−1(N(C)) over C is orientable by the structures
of the groups H1(f−1(N(C));Z/2Z) and H1(f−1(C′);Z/2Z) together with the as-
sumption that the (H1,Z/2Z)-graph of fF = (f, {FC}C∈pi0(f(S(f)))) has a starting
set S. Furthermore, the restriction of the bundle over M satisfying the conditions
mentioned in the assumption of this theorem to f−1(N(C)) is orientable by the
assumptions that the restriction of the bundle to the total space of the trivial bun-
dle given by f |f−1(Cs′) : f
−1(Cs
′) → Cs
′ is orientable and that the manifold M is
connected. Thus, by a discussion similar to that of the proof of Theorem 1, for any
connected component C of f(S(f)), the restriction of the bundle to f−1(N(C)) is
trivial. This completes the proof of the desired fact. 
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We immediately have the following corollary to Theorem 2.
Corollary 1. Let M be a closed and connected manifold of dimension m ≥ 3 and
f : M → R3 be a C∞ L-trivial round fold map such that f(M) is diffeomorphic
to D3. For any connected component C of f(S(f)), we denote by N(C) a small
closed tubular neighborhood of C such that the inverse image has the structures of
trivial bundles as in Definition 2 and by FC the normal fiber of C corresponding
to the bundles f−1(N(C)) over C. Let FC satisfy H
2(FC ;Z) ∼= {0}. Let S be a
starting set of the (H1,Z/2Z)-graph of fF = (f, {FC}C∈pi0(f(S(f)))). Let Fs be the
regular fiber of a point in a connected component of Rn − f(S(f)) whose closure is
represented as a vertex s ∈ S of the graph above and let is : Fs →M be the natural
inclusion.
Then, by a P-operation to f , for any closed manifold M ′ having the structure of an
S1-bundle overM such that the 1st Stiefel-Whitney class vanishes on is∗(H1(Fs;Z/2Z)) ⊂
H1(M ;Z/2Z) for any s ∈ S, we can obtain a round fold map f
′ :M ′ → R3.
We review the following propositions, which have been shown in [14] and which
are regarded as specific cases of Theorems 1 and 2.
Proposition 3. Let M be a closed manifold of dimension m, f : M → Rn be a
C∞ L-trivial round fold map and m ≥ n ≥ 3. Assume that either of the followings
holds.
(1) n ≥ 4 holds.
(2) n = 3 holds, f(M) is diffeomorphic to D3 and M is connected.
Assume that for any connected component C of f(S(f)), a normal fiber FC of C
corresponding to a bundle satisfies H2(FC ;Z) ∼= {0}. Then for any closed manifold
having the structure of an orientable S1-bundle over M , by a P-operation by S1 on
f , we can obtain a round fold map f ′ :M ′ → Rn.
Furthermore, for any connected component C of f(S(f)), let the normal fiber FC of
C satisfy H1(FC ;Z2) ∼= {0}. Then for any closed manifold having the structure of
an S1-bundle over M , by a P-operation by S1 on f , we can obtain a C∞ L-trivial
round fold map f ′ :M ′ → Rn.
Proposition 4. Let M be a closed manifold of dimension m ≥ 2 and f :M → R2
be a C∞ L-trivial round fold map.
(1) For any connected component C of f(S(f)), we denote by N(C) a small
closed tubular neighborhood of C such that f−1(N(C)) has the structures
of trivial bundles as in Definition 3 and by FC a normal fiber of C corre-
sponding to the bundles f−1(N(C)) over C. Let FC satisfy H
1(FC ;Z) ∼=
H2(FC ;Z) ∼= {0}. Then, by a P-operation by S1 on f , for any closed man-
ifold having the structure of an S1-bundle over M such that for any con-
nected component C of f(S(f)), the restriction of the bundle to f−1(∂N(C))
is an orientable bundle, we can obtain a round fold map f ′ :M ′ → R2.
(2) Furthermore, if f(M) is diffeomorphic to D2 and M is connected, then by
a P-operation by S1 on f , for any closed manifold having the structure of
an S1-bundle over M , we can obtain a round fold map f ′ :M ′ → R2.
Example 2. For any pair of positive integers m and n satisfying m > n ≥ 2, we
can consider round fold maps from m-dimensional closed manifolds into Rn as in
Example 1 (3). A special generic map from the m-dimensional homotopy sphere
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into Rn presented in Example 1 (1) are simplest examples of such maps. If for the
two integers, m − n > 2 holds, then the maps satisfy the assumption of Theorem
1. In this case, the maps satisfy the assumption of Proposition 3 or 4. In this
case, the (H1;Z/2Z)-graph of fF = (f, {FC}C∈pi0(f(S(f)))) is a graph satisfying the
followings.
(1) The set E
(H1,Z/2Z)
fF
⊂ VfF × VfF consist of all the pairs of (s1, s2) such that
the closures of connected components of Rn − f(S(f)) represented by s1
and s2 intersect.
(2) The set consisting of just one vertex s ∈ VfF representing the closure of
the connected component of Rn− f(S(f)) including a proper core of f is a
starting set of the graph.
For any non-negative integer k 6= 0,m − n and any commutative ring R, the
(Hk;R)-graph of fF = (f, {FC}C∈pi0(f(S(f)))) and the graph above coincide. The
(H0;R)-graph of fF = (f, {FC}C∈pi0(f(S(f)))) satisfies the followings.
(1) The set E
(H0,R)
fF
⊂ VfF × VfF consist of all the pairs of (s1, s2) such that
the closures of connected components of Rn − f(S(f)) represented by s1
and s2 intersect but a pair (s1, s2) where s1 or s2 represents the closure of
the unbounded connected component of Rn − f(S(f)).
(2) The set consisting of just one vertex s ∈ VfF representing the closure of
the connected component of Rn− f(S(f)) including a proper core of f is a
starting set of the graph.
If m − n = 1 holds, then the maps do not satisfy the assumption of Propo-
sitions 3 or 4, either. However, the maps satisfy the assumptions of Theorems
1 and 2. In this case, for any commutative ring R, the (H1, R)-graph of fF =
(f, {FC}C∈pi0(f(S(f)))) is a graph satisfying the followings.
(1) The set E
(H1,R)
fF
⊂ VfF × VfF consist of the followings.
(a) All the pairs (s1, s2) ∈ VfF × VfF such that the closures of connected
components of Rn−f(S(f)) represented by s1 and s2 intersect and that
the closure of the connected component of Rn − f(S(f)) represented
by s1 is in the bounded connected component of the complement set of
the connected component of Rn−f(S(f)) whose closure is represented
by s2 in R
n.
(b) The pair (s1, s2) ∈ VfF × VfF such that s1 represents the closure of
the unbounded connected component of Rn − f(S(f)) and that the
previous closed set and the closure of the connected component of
R
n − f(S(f)) represented by s2 intersect.
(2) The set consisting of just one vertex s ∈ VfF representing the closure of
the connected component of Rn− f(S(f)) including a proper core of f is a
starting set of the graph.
For any non-negative integer k 6= 1 and any commutative ring R, the (Hk;R)-
graph of fF = (f, {FC}C∈pi0(f(S(f)))) is a graph mentined in the case where m−n >
2 holds.
By analogy of the proof of Theorem 1, we have the following theorem.
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Theorem 3. Let M be a closed manifold of dimension m and f : M → Rn
(m ≥ n ≥ 2) be a C∞ L-trivial round fold map. For any connected compo-
nent C of f(S(f)), we denote by N(C) a small closed tubular neighborhood of
C such that the inverse image has the structures of trivial bundles as in Definition
2 and by FC a normal fiber of C corresponding to the bundles f
−1(N(C)) over
C. Let H1(FC ;Z) be torsion-free. Let S be a starting set of the (H2,Z)-graph of
fF = (f, {FC}C∈pi0(f(S(f)))). Let Fs be the regular fiber of a point in a connected
component of Rn − f(S(f)) whose closure is represented as a vertex s ∈ S of the
graph above and let is : Fs → M be the natural inclusion. Then, we have the
followings.
(1) Let n ≥ 4 hold. Then, by a P-operation on f , for any closed manifold M ′
having the structure of an oriented S1-bundle over M whose Euler class
vanishes on is∗(H2(Fs;Z)) ⊂ H2(M ;Z) for any s ∈ S, we can obtain a
round fold map f ′ :M ′ → Rn.
(2) Let n = 3 hold. Furthermore, for any commutative ring R, the (H2,Z)-
graph of fF = (f, {FC}C∈pi0(f(S(f)))) and the (H0, R)-graph of fF = (f, {FC}C∈pi0(f(S(f))))
are start-equivalent on the set S. Then, by a P-operation on f , for any
closed manifold M ′ having the structure of an oriented S1-bundle over M
such that the followings hold, we can obtain a round fold map f ′ :M ′ → Rn.
(a) The Euler class vanishes on is∗(H2(Fs;Z)) ⊂ H2(M ;Z) for any s ∈ S.
(b) For s ∈ S, let Cs
′ be a 2-dimensional sphere in a closure of a con-
nected component of Rn − f(S(f)) represented by s ∈ S such that
for a connected component Cs of f(S(f)) and the small closed tubular
neighborhood N(Cs) defined before, Cs
′ is a connected component of
∂N(C). The restriction of the bundle to the image of a section of the
trivial bundle given by f |f−1(Cs′) : f
−1(Cs
′)→ Cs
′ is trivial.
(3) Let n = 2 hold. Furthermore, we also assume that for any commutative
ring R, the (H2;Z)-graph of fF = (f, {FC}C∈pi0(f(S(f)))) and the (H1;Z)-
graph of fF = (f, {FC}C∈pi0(f(S(f)))) are start-equivalent on the set S.
For s ∈ S, let Cs
′ be a circle in a closure of a connected component of
R
2− f(S(f)) represented by s ∈ S such that for a connected component Cs
of f(S(f)) and the small closed tubular neighborhood N(Cs) defined before,
Cs
′ is a connected component of ∂N(Cs). Let M
′ be a manifold having
the structure of an oriented S1-bundle over M such that the restriction
of the bundle to the total space of the trivial bundle given by f |f−1(Cs′) :
f−1(Cs
′)→ Cs
′ is orientable and trivial.
Then, by a P-operation on f , we can obtain a round fold map f ′ :M ′ → Rn.
Proof. Let C0 be a connected component of f(S(f)) which is in the closures of two
connected component of Rn− f(S(f)) represented by two vertices s1, s2 ∈ VfF and
let (s1, s2) ∈ EfF . We use Cj and ∂jFC0 as in the proof of Theorem 1.
The homomorphism from H2(f
−1(C1);Z) ∼= H2(C1× ∂1FC0 ;Z) ∼= (H0(∂1FC0 ;Z)⊗
H2(C0;Z))⊕ (H1(C0;Z)⊗H1(∂1FC0 ;Z))⊕H2(∂1FC0 ;Z) into H2(f
−1(N(C));Z) ∼=
(H0(FC ;Z)⊗H2(C;Z))⊕ (H1(C;Z)⊗H1(FC ;Z))⊕H2(FC ;Z) induced by the nat-
ural inclusion is assumed to be surjective in the first case, since the homomorphism
from H2(∂1FC0 ;Z) into H2(FC ;Z) induced by the natural inclusion is assumed
to be surjective. In the second case, the homomorphism from Hk(∂1FC0 ;Z) into
Hk(FC ;Z) induced by the natural inclusion is assumed to be surjective for k = 0, 2
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and as a result, the homomorphism above is surjective. In the last case, the ho-
momorphism from Hk(∂1FC0 ;Z) into Hk(FC ;Z) induced by the natural inclusion
is assumed to be surjective for k = 1, 2 and as a result, the homomorphism above
is surjective. Thus, the kernel of the homomorphism from H2(f−1(N(C));Z) into
H2(f−1(C1);Z) induced by the natural inclusion is {0} in all the three cases by
virtue of the universal coefficient theorem together with the assumption that the
group H1(FC ;Z) is torsion-free for any connected component C of f(S(f)). So, if
the Euler class of the restriction of an oriented S1-bundle over M to f−1(C1) van-
ishes, then the Euler classes of the restrictions of the bundle overM to f−1(N(C0))
vanish and the obtained bundles are trivial bundles.
By arguments similar to ones in the proofs of Theorem 1, for each case, for any
connected component C of f(S(f)), the restriction of any oriented S1-bundle over
M satisfying the given condition to f−1(N(C)) is a trivial bundle. This completes
the proof of the statement for all the three cases. 
By analogy of the proof of Theorem 2, we have the following theorem.
Theorem 4. Let M be a closed and connected manifold of dimension m ≥ 3
and f : M → R3 be a C∞ L-trivial round fold map. For any connected compo-
nent C of f(S(f)), we denote by N(C) a small closed tubular neighborhood of C
such that the inverse image has the structures of trivial bundles as in Definition
2 and by FC a normal fiber of C corresponding to the bundles f
−1(N(C)) over
C. Let H1(FC ;Z) be torsion-free. Let S be a starting set of the (H2,Z)-graph of
fF = (f, {FC}C∈pi0(f(S(f)))). Let Fs be the regular fiber of a point in a connected
component of Rn − f(S(f)) whose closure is represented as a vertex s ∈ S of the
graph above and let is : Fs → M be the natural inclusion. Then, by a P-operation
to f , for any closed manifold M ′ having the structure of an oriented S1-bundle over
M such that the followings hold, we can obtain a round fold map f ′ :M ′ → R3.
(1) The Euler class vanishes on is∗(H2(Fs;Z)) ⊂ H2(M ;Z) for any s ∈ S.
(2) For a 2-dimensional sphere C0
′ in a connected component of (R3−f(S(f)))
⋂
f(M)
such that for a connected component C0 of f(S(f)) and the small closed
tubular neighborhood defined before, C0
′ is a connected component of ∂N(C0),
the restriction of the bundle to the image of a section of the trivial bundle
given by f |f−1(C0′) : f
−1(C0
′)→ C0
′ is trivial.
Proof. Let C be a connected component of f(S(f)). For the small tubular neigh-
borhood N(C) of C, let C′ be a connected component of the boundary of the tubu-
lar neighborhood N(C) and let FC
′ be a fiber of the bundle given by f |f−1(C′) :
f−1(C′) → C′. We have H2(f−1(C′);Z) ∼= H2(C′ × FC
′;Z) ∼= (H2(C′;Z) ⊗
H0(FC
′;Z)) ⊕ (H0(C′;Z) ⊗ H2(FC
′;Z)) ∼= (Z ⊗ H0(FC
′;Z)) ⊕ (Z ⊗ H2(FC
′;Z))
and H2(f−1(N(C));Z) ∼= H2(C×FC ;Z) ∼= (H2(C;Z)⊗H0(FC ;Z))⊕ (H0(C;Z)⊗
H2(FC ;Z)) ∼= Z ⊗ H0(FC ;Z) ⊕ (Z ⊗ H2(FC ;Z)). For any connected component
C of f(S(f)), the restriction of an oriented S1-bundle over M satisfying the con-
ditions mentioned in the assumption of this theorem to a fiber FC of the bundle
f−1(N(C)) over C is trivial by the structures of the groups H2(f−1(N(C));Z)
and H2(f−1(C′);Z) together with the assumption that the (H2,Z)-graph of fF =
(f, {FC}C∈pi0(f(S(f)))) has a starting set S. Furthermore, the restriction of the bun-
dle over M satisfying the conditions mentioned in the assumption of this theorem
to f−1(N(C)) is trivial by the assumptions that the restriction of the bundle to
the total space of the trivial bundle given by f |f−1(C0′) : f
−1(C0
′)→ C0
′ is trivial
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and that the manifold M is connected. Thus, for any connected component C of
f(S(f)), the restriction of the bundle to f−1(N(C)) is trivial. This completes the
proof of the desired fact. 
We immediately have the following corollary to Theorem 4.
Corollary 2. Let M be a closed and connected manifold of dimension m ≥ 3 and
f : M → R3 be a C∞ L-trivial round fold map such that f(M) is diffeomorphic
to D3. For any connected component C of f(S(f)), we denote by N(C) a small
closed tubular neighborhood of C such that the inverse image has the structures of
trivial bundles as in Definition 2 and by FC the normal fiber of C corresponding to
the bundles f−1(N(C)) over C. Let H1(FC ;Z) be torsion-free. Let S be a starting
set of the (H2,Z)-graph of fF = (f, {FC}C∈pi0(f(S(f)))). Let Fs be the regular fiber
of a point in a connected component of Rn − f(S(f)) whose closure is represented
as a vertex s ∈ S of the graph above and let is : Fs →M be the natural inclusion.
Then, by a P-operation on f , for any closed manifold M ′ having the structure of an
oriented S1-bundle over M such that the Euler class vanishes on is∗(H2(Fs;Z)) ⊂
H2(M ;Z) for any s ∈ S, we can obtain a round fold map f ′ :M ′ → R3.
Example 3. A round fold map f presented in the beginning of Exmaple 2 satisfies
the assumption of Theorems 3 and 4. In the case where for the two integers,
m− n = 2 holds, the map satisfies the assumptions of Theorems 3 and 4 but does
not satisfy the assumption of Theorem 1 or that of Theorem 2, either. In this case,
the map does not satisfy the assumption of Proposition 3 or Proposition 4, either.
4. Algebraic and differential topological properties of round fold
maps given by P-operations by S1 and their source manifolds
We explicitly apply P-operations by S1 to some round fold maps satisfying the
assumption of Propositions, Theorems and Corollaries in section 3. In this section,
we use the following terminologies and notations.
For a freely generated commutative group A of rank r ≥ 1, x ∈ A is said to be
primitive if for the subgroup generated by x (we denote the subgroup by < x >),
the quotient group A/ < x > is a freely generated commutative group of rank r−1.
The diffeomorphism type of a manifold having the structure of a non-trivial Sk-
bundle (k = 2, 3) over S2 is unique. We denote the manifold by Sk×˜S2.
4.1. Applications of Propositions and Theorems in section 3 to round
fold maps in Example 1 (1) and (3). We may apply Propositions, Theorems
and Corollaries in section 3 to obtain a new round fold map by a P-operation by
S1 to a round fold map f : M → Rn in Example 1 (1) (see also [12]). In fact, by
any P-operation by S1 to the map f , we obtain the product of S1 and the original
source manifold as the resulting source manifold if the dimension of the original
source manifold is larger than 2. Moreover, by a P-operation by S1 to such a map
from the 2-dimensional standard sphere S2 into the plane, we obtain a manifold
having the structure of an S1-bundle over S2 as the resulting source manifold and
any manifold having the structure of an S1-bundle over S2 is realized as the re-
sulting source manifold by a P-operation by S1 to every such map from S2 into
the plane. If for the round fold map f : M → Rn, the dimension of the source
manifold M and n coincide, then the obtained maps are maps as in Example 1 (2)
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with F := S1.
We consider P-operations by S1 to round fold maps f :M → Rn (n ≥ 2) in Exam-
ple 1 (3).
First, in the case where n ≥ 3 and m ≥ 2n hold in this example, the manifold
having the structure of an S1-bundle over the original source manifoldM is always
the product of S1 and M . By any P-operation by S1, we always obtain a source
manifold diffeomorphic to the product of the two manifolds.
In the case where n = 2 and m > 2n = 4 hold in this example, on any manifold
having the structure of an S1-bundle over the original source manifold M , we can
construct a round fold map by a P-operation by S1 to the original map f by Propo-
sitions 3 and 4 (we can apply Theorems 1, 2, 3 and 4 too). The author studied the
diffeomorphism types of the resulting source manifolds of the resulting round fold
maps in [14].
In the case where (m,n) = (4, 2) holds in this example, we cannot apply Proposi-
tion 4. Moreover, we cannot apply Theorem 1 or 2, either. On the other hand, we
can apply Theorems 3 and 4. As a result on the diffeomorphism types of the source
manifolds of round fold maps obtained by P -operations by S1 to the original round
fold map f , we have the following theorem.
Theorem 5. Let M be a connected sum of l ∈ N closed manifolds having the
structure of an S2-bundles over S2. By a P-operation by S1 to the map in Example
3, for any cohomology class α ∈ H2(M ;Z) vanishing on all the cycles corresponding
to the fibers of the bundles, we can construct a round fold map from any closed
manifold M(α) having the structure of an oriented S1-bundle over M whose Euler
class is α into R2. Furthermore, we have the followings.
(1) α ∈ H2(M ;Z) is chosen to be primitive and if it is primitive, then M(α)
is simply-connected.
(2) If M(α) is simply-connected, then α ∈ H2(M ;Z) must be primitive and
M(α) is diffeomorphic to a connected sum of 2l − 2 copies of S2 × S3 (we
replace this by S5 in the case where l = 1 holds) and a closed manifold
having the structure of an S3-bundle over S2.
(3) If M is represented as a connected sum of finite copies of S2×S2 and M(α)
is simply-connected, then M(α) is represented as a connected sum of 2l− 1
copies of S2 × S3.
(4) If M is represented as a connected sum of more than one closed manifolds
having the structures of S2-bundles over S2 (l > 1 must hold) and not
represented as a connected sum of finite copies of S2 × S2, then for any
closed manifold represented as a connected sum of 2l− 2 copies of S2 × S3
and a closed manifold having the structure of an S3-bundle over S2, we can
choose α ∈ H2(M ;Z) so that M(α) is diffeomorphic to the manifold.
(5) If M is a closed manifold having the structure of an S2-bundle over S2 and
M(α) is simply-connected, then M(α) is diffeomorphic to S2 × S3.
For the proof of Theorem 5, we need the following proposition, which is a main
theorem of [3]. See also [1], in which Barden classified closed and simply-connected
5-dimensional manifolds completely.
Proposition 5 ([3]). Let X be a closed and simply-connected manifold which may
not be smooth of dimension 4. Let l > 1 be an integer and let H2(X ;Z) ∼= Zl hold.
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(1) For any primitive element α ∈ H2(X ;Z), let X(α) be a manifold having
the structure of an oriented S1-bundle whose Euler class is α. Then for any
α, X(α) is simply-connected and have a differentiable structure and one of
the followings holds.
(a) X(α) is diffeomorphic to a connected sum of l− 1 copies of S2 × S3
(b) X(α) is diffeomorphic to a connected sum of l − 2 copies of S2 × S3
(we replace this by S5 in the case where l = 2 holds) and S3×˜S2.
(2) Let X be smooth manifold and let α ∈ H2(X ;Z) be primitive. A manifold
X(α) having the structure of an oriented S1-bundle whose Euler class is α
is not diffeomorphic to a connected sum of l − 1 copies of S2 × S3 if and
only if the followings hold.
(a) The 2nd Stiefel-Whitney class β of the tangent bundle TX over X does
not vanish.
(b) α is not equal to β mod 2.
Example 4. Let X be a connected sum of a finite number of closed smooth man-
ifolds having the structures of S2-bundles over S2.
Assume that all the bundles appeared in the connected sum are trivial. Then the
2nd Stiefel-Whitney class β of the tangent bundle TX over X vanishes and X(α)
in Proposition 5 is diffeomorphic to a connected sum of finite copies of S2 × S3 by
the proposition.
Assume that there exist a bundle which is not trivial and a trivial bundle in the
connected sum. Then the 2nd Stiefel-Whitney class β of the tangent bundle TX
over X vanishes on cycles corresponding to fibers of all the S2-bundles in this fam-
ily. On the other hand, the class does not vanish on the cycle corresponding to
the base space of an S2-bundle in the family which is not trivial. We can take
α ∈ H2(X ;Z) so that α vanishes on cycles corresponding to fibers of all the S2-
bundles appeared in the connected sum and that the class does not vanish only
on the cycle corresponding to the base space of just one trivial S2-bundle in the
family. In this case, α is not equal to β mod 2. Then X(α) in Proposition 5 is not
diffeomorphic to a connected sum of finite copies of S2×S3 and is diffeomorphic to
a connected sum of finite copies of S2×S3 and S3×˜S2 by the proposition. We can
also take α ∈ H2(X ;Z) so that α is equal to β mod 2. Then, X(α) in Proposition
5 is diffeomorphic to a connected sum of finite copies of S2 × S3.
Proof of Theorem 5. A round fold map into R2 as in Example 1 (3) exists on M .
We can apply Theorem 2 to this map. This completes the proof of the former part.
We prove five statements in the latter part.
We can choose α ∈ H2(M ;Z) so that it vanishes on all the cycles corresponding to
the fibers of the C∞ S2-bundles over S2 and on all but one cycles corresponding to
the base spaces of the C∞ S2-bundles over S2 and that the value is 1 on the cycle
corresponding to the base space of the remained C∞ S2-bundle over S2. Then α
is primitive and we obtain a round fold map from M(α) into R2 by a P -operation
by S1. By Proposition 5, we have the first statement.
For the proof of the second statement, we review and apply the method used in the
proof of Lemma 3 of [3], which is a key lemma to Theorem 2 of [3] or Proposition
5 of the present paper.
From the homotopy sequence of the bundle M(α) over M , pi1(M(α)) is cyclic. It
follows that pi1(M(α)) ∼= H1(M(α);Z). Substituting Hk(M ;Z) ∼= {0} for any odd
integer k and any integer k not smaller than 5 in the Gysin sequence of the bundle
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M(α) over M yields the following two exact sequences where p : M(α) → M is
the projection of the bundle and where
⋃
α denotes the operation of taking cup
products with α.
{0}
p∗
−−−−→ H3(M(α);Z) −−−−→ H2(M ;Z)
⋃
α
−−−−→
H4(M ;Z) ∼= Z
p∗
−−−−→ H4(M(α);Z) −−−−→ {0}
{0}
p∗
−−−−→ H5(M(α);Z) −−−−→ H4(M ;Z) ∼= Z
⋃
α
−−−−→ {0}
By the second sequence, we have H5(M(α);Z) ∼= Z. The homomorphism
in the first sequence
⋃
α : H2(M ;Z) → H4(M ;Z) is surjective if and only if α
is primitive. Furthermore,
⋃
α : H2(M ;Z) → H4(M ;Z) is surjective if and only
if H4(M(α);Z) ∼= H1(M(α);Z) ∼= pi1(M(α)) ∼= {0} holds (we can apply Poincare
duality theorem since H5(M(α);Z) ∼= Z holds). Furthermore, by the first sequence,
H3(M(α);Z) ∼= Z2l−1 holds if α is primitive. By virtue of Poincare duality the-
orem, H3(M(α);Z) ∼= H2(M(α);Z) always holds. Thus, by the theory of [1] or
Proposition 5, the second statement of the five statements holds.
By the second statement of the five statements and Example 4 (or Proposition 5),
the third and fourth statements of the five statements hold.
The 2nd Stiefel-Whitney class of the tangent bundle of S2×˜S2 vanishes on the cycle
corresponding to the fiber and does not vanish on one corresponding to the base
space. So, if in the situation of the last statement of the five statements, M is dif-
feomorphic to S2×˜S2 andM(α) is simply-connected, then α must be primitive and
as a result it equals the 2nd Stiefel-Whitney class of S2×˜S2 mod 2. Furthermore,
by Proposition 5, M(α) is diffeomorphic to S2 × S3 under this condition and the
same fact follows by the same proposition ifM = S2×S2. Thus this completes the
proof of the last one of the five statements.
This completes the proof. 
Note that also in [10], [11] and [13], round fold maps from the simply-connected
5-dimensional manifolds represented as connected sums of manifolds having the
structures of S3-bundles over S2 into the plane are obtained. Regular fibers of
these maps are disjoint unions of finite copies of S3. Theorem 5 shown above gives
new explicit examples of round fold maps from such simply-connected 5-dimensional
manifolds into the plane.
4.2. Applications of Propositions, Theorems and Corollaries mentioned
in section 3 to round fold maps in Example 1 (4). We consider a round fold
map f from a closed m-dimensional manifold M into Rn (m ≥ n ≥ 2) in Example
1 (4).
4.2.1. The case where n ≥ 4 holds. Let n ≥ 4. Then, for any manifold having the
structure of an S1-bundle over the manifold M , we can obtain a new round fold
map by a P-operation by S1 on the map f . Ifm−n ≥ 2, then the resulting manifold
is always diffeomorphic to the product of S1 and the original source manifold M .
If m− n = 1, then the resulting manifold is homeomorphic to the product of Sn−1
and a 3-dimensional manifold having the structure of an S1-bundle over S2 and
conversely, such a manifold is realized as the resulting source manifold of a round
fold map obtained by P-operation by S1 on the map f . Ifm = n, then the resulting
manifold is homeomorphic to the product of Sn−1 and the 2-dimensional torus or
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the Klein Bottle and conversely, these two manifolds are realized as the resulting
source manifolds of round fold maps obtained by P-operations by S1 to the original
round fold map f .
4.2.2. The case where n = 3 holds. Let n = 3. In this case, for any manifold
having the structure of an S1-bundle over the source manifold M , the restriction
of the bundle to the inverse image of any 2-dimensional sphere smoothly embedded
in the interior of the image of the map is orientable. If the bundle obtained by
the restriction is oriented and the Euler class vanishes, then, from Theorem 1 or
Theorem 2, on the manifold having the structure of an S1-bundle overM , we obtain
a round fold map by a P-operation by S1 to the original map f .
We consider the resulting source manifold of the round fold map given by a P-
operation in the case where n = 3 holds. If m−n = m−3 ≥ 2 or m ≥ 5 holds, then
the resulting manifold must be diffeomorphic to the product of S1 and the original
source manifold. If m−n = m− 3 = 1 or m = 4 holds, then the resulting manifold
must be diffeomorphic to the product of S2 and a 3-dimensional manifold having
the structure of an S1-bundle over S2 and conversely, we obtain any such manifold
as the source manifold of the resulting round fold map given by a P-operation by S1
to the original round fold map f . If m = n = 3 holds, then the resulting manifold
must be diffeomorphic to the product of S2 and the 2-dimensional torus or the
Klein Bottle and conversely, these manifolds are obtained by P-operations by S1
to the original map f as the source manifolds of resulting round fold maps.
4.2.3. The case where n = 2 holds. Let n = 2. In this case, for a manifold having
the structure of an S1-bundle over the source manifold of such a round fold map, if
the restriction of the bundle to the inverse image of any circle smoothly embedded
in the regular value set of the map is orientable, then, by Theorem 3 or 4, on the
original manifold having the structure of an S1-bundle, we obtain a round fold map
by a P-operation by S1 to the original round fold map.
We consider the resulting source manifolds given by these P-operations in the case
where n = 2 holds. Ifm−n = m−2 ≥ 2 orm ≥ 4 holds, then the resulting manifold
must be diffeomorphic to the product of S1 and the original source manifold. Ifm−
n = m− 2 = 1 or m = 3 holds, then the resulting manifold must be diffeomorphic
to the product of S1 and a 3-dimensional manifold having the structure of an S1-
bundle over S2 and conversely, any such manifold is obtained by a P-operation by
S1 to the original round fold map.
Last, we consider the case where (m,n) = (2, 2) holds. On any manifold having
the structure of an oriented S1-bundle over the oriented torus S1×S1, we obtain a
round fold map into R2 by a P-operation by S1 to the original map. The resulting
source manifolds are diffeomorphic (homeomorphic) if and only if the absolute
values of the Euler numbers of the bundles coincide. Of course, for any integer k,
we can obtain an oriented S1-bundle whose Euler number is k in this case. Note
that by P-operations by S1 to the original map, we obtain a family {Mk}k∈Z of
3-dimensional oriented closed and connected manifolds and a family of round fold
maps {fk :Mk → R2}k∈Z such that the followings hold.
(1) Mk has the structure of an oriented S
1-bundle over the oriented 2-dimensional
torus S1 × S1 with Euler number k ∈ Z.
(2) fk is C
∞ L-trivial.
(3) The inverse image of the axis of fk is the 2-dimensional torus S
1 × S1.
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Furthermore, fk is not C
∞ S-trivial for k 6= 0, which follows from Proposition 2
(4).
We can also obtain a round fold map from the product of Sn−1 and the Klein Bottle
by a P-operation by S1.
4.3. Further applications.
4.3.1. Case 1. Let m,n ∈ N and m > n ≥ 2. Let M be an m-dimensional closed
manifold admitting a round fold map f :M → Rn such that the followings hold.
(1) f is C∞ L-trivial.
(2) The image f(M) is diffeomorphic to Sn−1 × [−1, 1].
(3) The inverse image of an axis of the map f is homeomorphic to S1 × Sm−n
(4) S(f) consists of four connected components.
(5) The regular fiber of a point in a connected component of the set Rn −
f(S(f)) consists of the disjoint union of two spheres.
We easily obtain such a map by a trivial spinning construction mentioned before
Example 1. The source manifold is diffeomorphic to the product of Sn−1 and a
manifold homeomorphic to S1 × Sm−n. Moreover, for each connected component
C of f(S(f)), there exists a small closed tubular neighborhood N(C) such that
f−1(N(C)) has the structures of isomorphic trivial bundles whose fibers are dif-
feomorphic to the standard closed disc Dm−n+1 or homeomorphic to the standard
(m−n+1)-dimensional sphere Sm−n+1 with the interior of a union of disjoint three
(m− n+ 1)-dimensional standard closed discs removed as in Definition 2.
We apply Propositions and Theorems introduced in section 3.
Let n ≥ 4. In the case where m− n ≥ 3 holds, any manifold having the structure
of an orientable S1-bundle over M is diffeomorphic to M × S1 and there exists a
manifold having the structure of an S1-bundle over M diffeomorphic to the prod-
uct of Sn−1 and a manifold homeomorphic to the product of the Klein Bottle and
Sm−n too. In this case, on any manifold having the structure of an S1-bundle over
M , we obtain a round fold map by a P-operation by S1 to the map f . In the
case where m− n = 2 holds, on any manifold having the structure of an orientable
S1-bundle over M such that the restriction of the bundle to a regular fiber of the
map f with two connected components is trivial, we can construct a new round fold
map by a P-operation by S1 to the map f and moreover, the bundle is a trivial S1-
bundle. In this case, there exists a manifold having the structure of an S1-bundle
overM diffeomorphic to the product of Sn−1 and a manifold homeomorphic to the
product of the Klein Bottle and S2 too and on the manifold, we can construct a
new round fold map similarly. In the case where m − n = 1 holds, any manifold
having the structure of an orientable S1-bundle over M is diffeomorphic to the
product of M and a manifold having the structure of an orientable S1-bundle over
the 2-dimensional torus and on any manifold having the structure of an orientable
S1-bundle over M , we can construct a new round fold map by a P-operation by
S1 to the map f . There exists a manifold having the structure of an S1-bundle
over M diffeomorphic to the product of Sn−1 and a manifold diffeomorphic to the
product of the Klein Bottle and S1 and on the manifold, we can construct a new
round fold map similarly.
Let n = 3. In the case where m− n = m− 3 ≥ 3 (m ≥ 6) holds, on any manifold
having the structure of an orientable S1-bundle over M such that the restriction
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of the bundle to any 2-dimensional sphere in the set R3 − f(S(f)) is trivial, we
can construct a new round fold map by a P-operation by S1 to the map f and
moreover, the bundle is a trivial S1-bundle. There exists a manifold having the
structure of an S1-bundle over M diffeomorphic to the product of Sn−1 = S2
and a manifold homeomorphic to the product of the Klein Bottle and Sm−n and
on the manifold, we can construct a new round fold map similarly. In the case
where m − n = m − 3 = 2 (m = 5) holds, on any manifold having the structure
of an orientable S1-bundle over M such that the restriction of the bundle to any
2-dimensional sphere in the set Rn− f(S(f)) and a regular fiber of the map f with
two connected components are trivial, we can construct a new round fold map by
a P-operation by S1 to the map f and moreover, the bundle is a trivial S1-bundle.
There exists a manifold having the structure of an S1-bundle overM diffeomorphic
to the product of Sn−1 = S2 and a manifold homeomorphic to the product of the
Klein Bottle and Sm−n = S3 and on the manifold, we can construct a new round
fold map similarly. In the case where m − n = m − 3 = 1 (m = 4) holds, any
manifold having the structure of an orientable S1-bundle over M such that the
restriction of the bundle to any 2-dimensional sphere in the set R3 − f(S(f)) is
trivial is diffeomorphic to the product of M and a manifold having the structure
of an orientable S1-bundle over the 2-dimensional torus and on any such manifold,
we can construct a new round fold map by a P-operation by S1 to the map f .
There exists a manifold having the structure of an S1-bundle overM diffeomorphic
to the product of Sn−1 = S2 and a manifold diffeomorphic to the product of the
Klein Bottle and S1 and on the manifold, we can construct a new round fold map
similarly.
Let n = 2. For simplicity, we only consider the case where m − n = m − 2 ≥ 3
(m ≥ 5) holds.
Any manifold having the structure of an orientable S1-bundle over M is home-
omorphic to the product of a 3-dimensional manifold having the structure of an
orientable S1-bundle over the 2-dimensional torus and Sm−n and for each prod-
uct of a 3-dimensional manifold having the structure of an orientable S1-bundle
over the 2-dimensional torus and Sm−n = Sm−2, there exists a manifold having
the structure of an orientable S1-bundle over M homeomorphic to the product.
Furthermore, by Proposition 2 (4), the 1st (co)homology group of a 3-dimensional
manifold having the structure of an oriented S1-bundle over the 2-dimensional torus
with Euler number k is isomorphic to Z ⊕ Z ⊕ Z/|k|Z. From the discussion here,
we have the following theorem.
Theorem 6. By P-operations by S1 to the map f : M → R2 here, we have a
family of (m + 1)-dimensional oriented manifolds {Mk}k∈Z and round fold maps
{fk :Mk → R2}k∈Z. Furthermore, the followings hold.
(1) By any P-operation by S1 to the map f such that the resulting S1-bundle
over M is orientable, the resulting source manifold of the resulting map is
diffeomorphic to a manifold belonging to the family {Mk}.
(2) Mk is homeomorphic to the product of a 3-dimensional manifold having the
structure of an oriented S1-bundle over the 2-dimensional oriented torus
S1 × S1 with Euler number k and Sm−n = Sm−2
(3) The inverse image of an axis of fk is homeomorphic to S
1 × Sm−2 × S1
(4) fk is C
∞ L-trivial.
(5) fk is not C
∞ S-trivial if k is not 0.
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In this case, there exists a manifold having the structure of an S1-bundle over
M diffeomorphic to the product of Sn−1 = S1 and a manifold homeomorphic to
the product of the Klein Bottle and Sm−n = Sm−2 too and on this manifold, we
can construct a new round fold map similarly.
4.3.2. Case 2. Let m,n ∈ N and m > n ≥ 2. Let M be an m-dimensional closed
manifold admitting a round fold map f :M → Rn such that the followings hold.
(1) f is C∞ L-trivial.
(2) The image f(M) is diffeomorphic to Dn.
(3) The inverse image of an axis of the map f is homeomorphic to S1 × Sm−n
with the interior of an (m−n+1)-dimensional standard closed disc removed.
(4) S(f) consists of three connected components.
(5) The regular fiber of a point in a connected component of the set Rn −
f(S(f)) consists of the disjoint union of two spheres.
We easily obtain such a map by a trivial spinning construction mentioned before
Example 1. For a proper core P of f , the manifold f−1(Rn− IntP ) is diffeomorphic
to the product of Sn−1 and a manifold homeomorphic to S1 × Sm−n with the
interior of an (m − n + 1)-dimensional standard closed disc removed. Moreover,
for each connected component C of f(S(f)), there exists a small closed tubular
neighborhood N(C) such that f−1(N(C)) has the structures of isomorphic trivial
bundles whose fibers are diffeomorphic to the standard closed disc Dm−n+1 or
homeomorphic to the standard (m − n + 1)-dimensional sphere Sm−n+1 with the
interior of a union of disjoint three (m − n+ 1)-dimensional standard closed discs
removed as in Definition 2.
We consider the case where m− n ≥ 3 holds for simplicity.
Let n ≥ 3 hold. In this case, the 2nd homology groups H2(M ;Z) and H2(f−1(Rn−
IntP );Z) and the 2nd cohomology groups H2(M ;Z) and H2(f−1(Rn − IntP );Z)
are zero and any orientable S1-bundle over M is trivial. We can construct a round
fold map fromM ×S1 into Rn by a P-operation by S1 to f . In this case, according
to a discussion similar to that of Case 1, there exists a manifold having the structure
of an S1-bundle over M which is not orientable admitting a round fold map into
R
n obtained by a P-operation by S1 to f .
Let n = 2 hold. In this case, the 2nd homology groups H2(M ;Z) and H2(f
−1(Rn−
IntP );Z) and the 2nd cohomology groupsH2(M ;Z) andH2(f−1(Rn−IntP );Z) are
all Z. Moreover, the homomorphisms between the 2nd homology and cohomology
groups induced by the inclusions of f−1(Rn − IntP ) into M are isomorphisms. Let
ν ∈ H2(M ;Z) ∼= Z be a generator of the group and ν′ ∈ H2(f−1(Rn − IntP );Z)
be the generator of the group defined as the inverse image of ν of the isomorphism
induced by the natural inclusion. Let Mk be an oriented manifold having the
structure of an oriented S1-bundle over M whose Euler class is kν. The restriction
of the bundle Mk to f
−1(Rn − IntP ) is an oriented S1-bundle whose Euler class
is kν′. Since we have H1(f
−1(Rn − IntP );Z) ∼= Z ⊕ Z, by Proposition 2 and the
homeomorphism type of the manifold f−1(Rn − IntP ), the 1st homology group of
the total space of this obtained bundle whose coefficient ring is Z is isomorphic
to Z ⊕ Z ⊕ (Z/|k|Z). Thus, the 1st homology group H1(Mk;Z) is isomorphic to
Z ⊕ (Z/|k|Z). From this observation, we may apply some of our Propositions and
Thorems in section 3 and have the following theorem.
CONSTRUCTIONS OF ROUND FOLD MAPS ON CIRCLE BUNDLES 27
Theorem 7. By P-operations by S1 to the map f : M → R2 here, we have a
family of (m + 1)-dimensional oriented manifolds {Mk}k∈Z and round fold maps
{fk :Mk → R2}k∈Z. Furthermore, we have the followings.
(1) By any P-operation by S1 to the map f such that the resulting S1-bundle
over M is orientable, the resulting source manifold of the resulting map is
diffeomorphic to a manifold belonging to the family {Mk}.
(2) Mk has the structure of an oriented S
1-bundle over M such that the 1st
homology group of the total space of the bundle obtained by the restriction
of the bundle Mk to f
−1(Rn−IntP ) with coefficient ring Z is isomorphic to
Z⊕Z⊕ (Z/|k|Z) and that the 1st homology group H1(Mk;Z) is isomorphic
to Z⊕ (Z/|k|Z).
(3) The inverse image of an axis of fk is diffeomorphic to the product of the
inverse image of an axis of f and S1.
(4) fk is C
∞ L-trivial.
(5) fk is not C
∞ S-trivial if k is not 0.
4.3.3. Case 3. Let m,n ∈ N and m > n ≥ 2. We also assume that m ≥ 2n and
m− n ≥ 3 hold. Let Mi be a closed and connected oriented manifold admitting a
round fold map fi :Mi → Rn satisfying the conditions similar to those mentioned
in the beginning of Case 2 (i = 1, 2). We also assume that the fiber of a proper
core of f1 is diffeomorphic to the (m − n)-dimensional standard sphere Sm−n and
that f2 is obtained by a trivial spinning construction. Let us construct a round
fold map from the connected sum M of the two manifolds M1 and M2 into R
n by
applying a method used in [10], [11] and [13].
Let Pi be a proper core of fi (i = 1, 2) and let Q be a small closed tubular neighbor-
hood of the connected component of f2(S(f2)) which is the boundary of f2(M2).
It easily follows that f1|f1−1(P1) : f1
−1(P1) → P1 gives the structure of a triv-
ial Sm−n-bundle over P1 and that f2
−1(Q) is a closed tubular neighborhood of
f2
−1(C) ⊂M2.
Since the map f2 is obtained by a trivial spinning construction, the inclusion of
f2
−1(C) into M2 is homotopic to a section of the trivial bundle over the proper
core P2 of f2 above given by f2|f2−1(∂P2) : f2
−1(∂P2) → ∂P2 and the section is
null-homotopic in the manifolds f2
−1(P2) and M2 since the fiber of this trivial
bundle is a sphere of dimension m − n > n − 1 and (n − 1)-connected. From the
inequality m ≥ 2n = 2(n− 1)+2, the inclusion of f−1(C) into M2 is unknot in the
C∞ category and f2
−1(Q) has the structure of a trivial Dm−n+1-bundle over an
(n− 1)-dimensional sphere ∂Q
⋂
f2(M). More precisely, f2|∂f2−1(Q) : ∂f2
−1(Q)→
∂Q
⋂
f2(M) gives the structure of a subbundle of the bundle.
Let V1 := f1
−1(P1) and V2 := f2
−1(Q). From the discussion above, we may regard
that the following holds for a diffeomorphism Φ : ∂V2 → ∂V1 regarded as a bundle
isomorphism between the two trivial Sm−n+1-bundles over Sn−1 inducing a dif-
feomorphism between the base spaces and an orientation reversing diffeomorphism
Ψ : ∂Dm → ∂Dm extending to a diffeomorphism on Dm or from M2 − (M2 −Dm)
onto M1 − (M1 −Dm), where for two manifolds X1 and X2, X1 ∼= X2 means that
X1 and X2 are diffeomorphic.
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(M1 − IntV1)
⋃
Φ
(M2 − IntV2)
∼= (M1 − IntV1)
⋃
Φ
((Dm − IntV2)
⋃
(M2 − IntD
m))
∼= (M1 − IntV1)
⋃
Φ
((Sm − (IntV2 ⊔ IntD
m))
⋃
Ψ
(M2 − IntD
m))
∼= (M1 − IntD
m)
⋃
Ψ
(M2 − IntD
m)
This means that the resulting manifold M , which is the connected sum of M1
and M2, admits a round fold map into R
n. More precisely, the resulting map is
obtained by gluing the two maps f1|M1−IntV1 and f2|M2−IntV2 . The resulting map
f : M → Rn is C∞ L-trivial and the inverse image of the axis of f is represented
as a manifold diffeomorphic to the connected sum of two manifolds homeomorphic
to S1 × Sn−1 with the interior of an (m− n+ 1)-dimensional standard closed disc
removed.
The cohomology group H2(M ;Z) is zero (n 6= 2) or Z⊕ Z (n = 2). The manifolds
f1
−1(Rn − IntP1) and f2
−1(Rn − (P2
⋃
Q)) are diffeomorphic to products of Sn−1
and manifolds homeomorphic to S1 × Sm−n with the interior of an (m − n + 1)-
dimensional standard closed disc removed. For a proper core P of f , f1
−1(Rn −
IntP1)
⋃
f2
−1(Rn − (P2
⋃
Q)) is regarded as the inverse image f−1(Rn − IntP ).
In the case where n ≥ 3 is assumed, any orientable S1-bundle over M is trivial
since the cohomology group H2(M ;Z) is zero and we can construct a round fold
map from M × S1 into Rn by a P-operation by S1. In the case where n = 2 is
assumed, we have H2(f−1(R2− IntP );Z) ∼= Z⊕Z and the homomorphism between
the 2nd cohomology groups induced by the natural inclusion of f−1(R2 − IntP )
into M is an isomorphism. In this case, we can set ν1 as a generator of the group
H2(f1
−1(Rn − IntP1);Z) ∼= Z and ν2 as a generator of the group H2(f2
−1(Rn −
(P2
⋃
Q));Z) ∼= Z and by regarding H2(f1
−1(Rn − IntP1);Z) ⊕ H2(f2
−1(Rn −
(P2
⋃
Q));Z) as H2(f−1(R2 − IntP );Z) and using the isomorphism between the
cohomology groups before, we can define the class νi
′ ∈ H2(M ;Z) corresponding
to νi (i = 1, 2). There exists an oriented manifold M(k1,k2) having the structure
of an oriented S1-bundle over M whose Euler class is k1ν1
′ + k2ν2
′ admitting a
round fold map into R2 obtained by a P-operation by S1 to f . Thus, we have the
following theorem.
Theorem 8. By P-operations by S1 to the map f :M → R2 here, we have a family
of (m + 1)-dimensional oriented manifolds {M(k1,k2)}(k1,k2)∈Z⊕Z and round fold
maps {f(k1,k2) :M(k1,k2) → R
2}(k1,k2)∈Z⊕Z. Furthermore, we have the followings.
(1) By any P-operation by S1 to the map f such that the resulting S1-bundle
over M is orientable, the resulting source manifold of the resulting map is
diffeomorphic to a manifold belonging to the family {M(k1,k2)}.
(2) M(k1.k2) has the structure of an oriented S
1-bundle over M and the follow-
ings hold.
(a) The 1st homology group of the total space of the bundle obtained by
the restriction of the bundle M(k1,k2) to f1
−1(R2 − IntP1) ⊂ M with
coefficient ring Z is isomorphic to Z⊕ Z⊕ (Z/|k1|Z).
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(b) The 1st homology group of the total space of the bundle obtained by
the restriction of the bundle M(k1,k2) to f2
−1(Rn − (P2
⋃
Q)) ⊂ M is
isomorphic to Z⊕ Z⊕ (Z/|k2|Z).
(c) Let k1 6= 0 and k2 6= 0 hold and let k0 be the LCM of |k1| and |k2|.
Then the 1st homology group of M(k1,k2) with coefficient ring Z is
isomorphic to Z⊕ Z⊕ (Z/k0Z).
(d) Let k1 = 0 or k2 = 0 hold. Then the 1st homology group of M(k1,k2)
with coefficient ring Z is isomorphic to Z⊕ Z.
(3) The inverse image of an axis of f(k1,k2) is diffeomorphic to the product of
the inverse image of an axis of f and S1.
(4) f(k1,k2) is C
∞ L-trivial.
(5) If k1 6= 0 and k2 6= 0 hold, then f(k1,k2) is not C
∞ S-trivial.
(6) f(k1,k2) and f(k3,k4) are not C
∞ equivalent if |k1| 6= |k3| or |k2| 6= |k4| holds.
References
[1] D. Barden, Simply Connected Five-Manifolds, Ann. of Math., 3 (82) (Nov.,1965), 365–385.
[2] O. Burlet G. de Rham, Sur certaines applications generiques d’une variete close a 3 dimensions
dans le plan, Enseign. Math. 20 (1974). 275–292.
[3] H. Duan C. Liang, Circle bundles over 4-manifolds, Archiv der Mathematik 3 (85) (September
2005), 278–282.
[4] C. Ehresmann, Les connexions infinitesimales dans un espace fibre differentiable, Colloque de
Topologie, Bruxelles (1950), 29–55.
[5] Y. Eliashberg, On singularities of folding type, Math. USSR Izv. 4 (1970), 1119–1134.
[6] Y. Eliashberg, Surgery of singularities of smooth mappings, Math. USSR Izv. 6 (1972), 1302–
1326.
[7] Y. K. S. Furuya, P. Porto, On special generic maps from a closed manifold into the plane,
Topology Appl. 35 (1990), 41–52.
[8] M. Golubitsky, V. Guillemin, Stable Mappings and Their Singularities, Graduate Texts in
Mathematics (14), Springer-Verlag (1974).
[9] A. E. Hatcher, A proof of the Smale conjecture, Ann. of Math. 117 (1983), 553–607.
[10] N. Kitazawa, On round fold maps (in Japanese), to appear in RIMS Kokyuroku Bessatsu
(B38).
[11] N. Kitazawa, On manifolds admitting fold maps with singular value sets of concentric spheres,
Doctoral Dissertation, Tokyo Institute of Technology (2014).
[12] N. Kitazawa, Fold maps with singular value sets of concentric spheres, to appear in Hokkaido
Mathematical Journal.
[13] N. Kitazawa, Differential topology of manifolds admitting round fold maps, arXiv:1304.0618
(April 2013).
[14] N. Kitazawa, Constructions of round fold maps on smooth bundles, to appear in Tokyo J. of
Math. Volume 37, Number 2 or later.
[15] M. Kobayashi, O. Saeki, Simplifying stable mappings into the plane from a global viewpoint,
Trans. Amer. Math. Soc. 348 (1996), 2607–2636.
[16] J. Milnor, J. Stasheff, Characteristic classes, Annals of Mathematics Studies, No. 76. Prince-
ton, N. J; Princeton University Press (1974).
[17] S. Smale, Diffeomorphisms of the 2-sphere, Proc. Amer. Math. Soc. 10 (1959) 621?-626.
[18] O. Saeki, Notes on the topology of folds, J. Math. Soc. Japan Volume 44, Number 3 (1992),
551–566.
[19] O. Saeki, Topology of special generic maps of manifolds into Euclidean spaces, Topology
Appl. 49 (1993), 265–293.
[20] O. Saeki, K. Sakuma, On special generic maps into R3, Pacific J. Math. 184 (1998), 175–193.
[21] O. Saeki, K. Suzuoka, Generic smooth maps with sphere fibers J. Math. Soc. Japan Volume
57, Number 3 (2005), 881–902.
[22] K. Sakuma, On the topology of simple fold maps, Tokyo J. of Math. Volume 17, Number 1
(1994), 21–32.
30 NAOKI KITAZAWA
[23] R. Thom, Les singularites des applications differentiables, Ann. Inst. Fourier (Grenoble) 6
(1955-56), 43–87.
[24] H. Whitney, On singularities of mappings of Euclidean spaces: I, mappings of the plane into
the plane, Ann. of Math. 62 (1955), 374–410.
Department of Mathematics, Tokyo Institute of Technology, 2-12-1 Ookayama, Meguro-
ku, Tokyo 152-8551, JAPAN, Tel +81-(0)3-5734-2205, Fax +81-(0)3-5734-2738,
E-mail address: kitazawa.n.aa@m.titech.ac.jp
